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FOREWORD 

This volume contains concise versions of m.ost of the 
papers presented at the Conference on Enviromnental Effects 
on Antenna Performance. The ~pers as printed here were re
produced from the manuscripts supplied by the authors. Editing 
on the submitted material was relatively light, .. although many of 
the manuscripts required at least some revision. As editor, I 
should like to thank the members of the advisory board for their 
assistance and, in particular, I am grateful to the conference· 
secretary, Mrs. Eileen Brackett. for her diligence in assembling 
the papers and readying the material for thta printer. 

Volum.e II will be issued at a later date and it will contain 
papers and other relevant material which were not available when 
Volume I went to press. 

Ja.znes R. Wait 

Additional copies of this volume will be available at $3. 00 fro:m 
the Clearinghouse for Federal Scientific and Technical Information, 
Sills Building, 5285 Port Royal Road, Springfield, Virginia 22151. 
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CONFERENCE ON ENVIRONMENTAL EFFECTS ON 
ANTENNA PERFORMANCE 

Boulder, Colorado - July 14-18, 1969 

PROCEEDINGS - Vol. I 

Sponsors: Institute for Telecommunication Sc;:iences {Environ-. 
mental Science Services Administration); Cooperative Institute 
for Research in Emrironmental Sciences (ESSA); Air Force·. 
Cambridge Research Laboratories; Department of Electrical 
Engineering (University of Cplorado); Denver-Boulder Chapter 
of the IEEE Group on Antennas and Propagation. 

Advisory Board: P. Blacksmith. R. Cohen, H. V. Cottony, 
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W. Flock, R. C. Kirby, M. T. Ma, S. W. Maley, R. J. Papa. 
R. V. Row, C. J. Sletten, W. J. Surtees, W. F. Utlaut 

Chairman: J. R. Wait Secretary: Mrs. Eileen Brackett 

Registration Facilities: R. D. Hunsucker and D. C. Chang 

Auditorium. and Projection Facilities: H. V. Cottony and R.H. Ott 

Place: ESSA Radio Building Auditorium 

Tune allotted for presentation is indicated in minutes after each 
title; also indicated is the page nwnber where paper (if available} 
appears in this volume. 

Monday, July 14th - 8:30 a. m. 

Introductory !tern.arks: Dr. G. S. Benton, Director, ESSA Re
search Labs., C. J. Sletten, AFCRL, and R. C. Kirby, ITS/ESSA 

Session I -Electromagnetic Theory - Chairman, Professor .J.R. 
Wait (ESSA Re search Labs., and CIRES) 

Complex rays /4a.:nd the local properties of radiation in lossy media 
(ZO); H. !.~ Bertoni, L.B. Felsen, and_,\.. Hessel (pg. 5) 

Transient dipole over a dielectric half-space (15); D. A. Hill[pg.10] 
The propagation constant of a small-diameter insulated helix (ZO); 

F. P. Ziolkowski [pg. 15) 
An alternative :method for deriving Fock1 s principle 0£ the local 

field in the penw:nbra (15); R. H. Ott ( pg.19] 
Boundary value problems in radially inhomogeneous media(Z0); 

J. G. Fikioris [ pg. 23] 
Radiation from a parallel-plate wa vegu.ide into an inhomogeneously 

filled space{Z0); R. J. Kostelnicek and R. Mittra [ pg. 28) 

., 
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Monday, July 14th - 1:30 p. m. 

Session II - Boundary Value Problems - Chairman, Prof. L. B. 
Felsen (Brooklyn Polytechnic Institute) 

Prolate spheroid.al and linear antennas in lossy ,media (20); 
R. J. Lytle 

Metallic and dielectric antennas in conducting media (Z0}; G. 
Franceschetti, 0. Bucci, E. Corti, and G. Latmiral [ pg. 33] 

Radiation from a semi-infinite dielectric-coated spherically 
tipped perfectly conducting cone (20); R. Chatterjee [ pg. 38] 

Electromagnetic coupling of horizontal loops over a stratified 
ground (15); H. Kurss [ pg. 42] 

Quasi-static fields of subsurface horizontal electric antennas(Z0); 
P. R. Bannister [ pg. 45) 

Magnetic field excited by a long horizontal wire antenna near the 
earth's surface (20); D. B. Large and L. Ball [ pg. 50] 

NUJnerical analysis of aircraft antennas (15); E. K. Miller, 
J.B. Morton, G.M. Pjerrou, and B . .J. Maxum [pg. 55J 

Tuesday, July 15th - 8:30 a. m. 

Session III - Influence oi Homogeneous Half Space - Cbair:man. 
Professor M. Kb.aradly (Univ. of British Colunibia) 

Finite tubular antenna above a conducting half-space {15); 
D. C. Chang [pg. 59] 

EM propagation over a constant impedance plane (10); R. J. 
King [ pg. 64] 

On the surface impedance concept (10); R. J. King [ pg. 66] 
The impedance of a finite horizontal anteDll3. above ground {15); 

W. J. Surtees (pg. 68] 
Im.pedance of a finite-length insulated dipole in dissipative 

media (15); C. K. H. Tsao and J. R. deBettencourt [ pg. 72] 
Distributed shunt adtnittance of horizontal dipole over lossy 

ground (15); C. K. H. Tsao[ pg. 77]. 
The linear antenna in a piecewise homogeneous environ.ment(l5);. 

D. V. Otto [ pg. 81] 
Characteristics of the ground wave attenuation function for highly 

inductive surfaces (15}; D. B. Ross [ pg. 85] 
Impedance of a Hertzian dipole over a conducting hall-space (15); 

J. R. Wait [ pg. 89] 

•. 

-----------------------------------------------:::'.':J~ 
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Tuesday, July 15th - 1:30 p. m. 

Session IV - Ground Screen Effects - Chairman, Dr. W. F. 
Utlaut {ESSA) 

Radial wire ground systems for vertical monopole antennas(20); 
S. W. Maley [pg. 196] 

Effect of the ground screen on the field radiated from a mono -
pole (15); W. J. Surtees [ pg. 95] 

Numerical studies of the effects of nonplanar local terrain and 
ground screens (15); R. V. Row and D. M. Cunnold 

Radiation of a monopole antenna on the base of a conical structure 
(15); G. A. Thiele, M. Travieso-Diaz, H. S. Jones [ pg. 99] 

Current distribution on a finite length dipole in the presence of 
ground screens (15); V. R. Arens, U. R. Embry, 
D. L. Mette 

Reflection of waves of arbitrary polarization from a rectangular mesh 
ground screen (15); G. A. Otteni [ pg. 103 J 

Some design considerations for HF antenna ground screens (15); 
T. Kaliszewski [pg. 201] 

Measured patterns of HF antennas and correlation with surrounding 
terrain {15); D. R. McCoy, R. D. Wengenroth, and J. J. 
Simons 

Session V 
{Sylvania) 

Wednesday, July 16th - 8:30 a. m. 

Antennas in Plasma - A - Chairman, Dr. J. Galejs 

Radiation by a VHF dipole-type antenna imbedded in its plasma 
sheath {ZO); R. V. De Vore and R. Caldecott 

Current distribution and input admittance of a cylindrical antenna 
in a gyrotropic medium (15); H. S. Lu and K. K. Mei [ pg.108) 

Num.erical solution of dipole radiation iq. a compressible plasma 
with a vacuum sheath surrounding the antenna (20); S. H. Lin 
and K. K. Mei [ pg. 112] 

Plane wave synthesis of plasma coated aperture adniittance and 
radia~ion pattern (20); H. Hodara and D. Damlam.ayan[ pg. ll7J 

Effects of electron acoustic waves on a dipole RF magneto-plasma 
probe {ZO); H. Oya 

Radiation characteristic5 of a slotted grotmd plane into a two-fluid 
com.pres sible plasma (20); K. R. Cook and R. B. Buchanan [ pg.122] 

Studies of VLF radiation patte?."'lls of a dipole immersed in a lossy 
ma.gnetoplasma ·(20); D. P. GiaRusso a;nd J.E. Bergeson [ pg. 127] 

Some features of electroacoustic wa. ves excited by linear antennas 
in hot plasma(lS); V. L. Taleka.r [ pg. 132] 

Linear antenna in anisotropic m.ediu.zn(lS); P. Meyer [ pg. 136] 

. ;_::: 
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Wednesday. July 16th - 1:30 p. m. 

Session VI - Antennas in Plasma-B - Chairman, Prof. R. E. Collin. 
(Case Western Reserve University) 

Boundary and transition problems for antennas in warm plasmas(Z0); 
J. P. Lafon 

Studies of antenna-induced ionization probiem.s(Z0); W. C. Taylor, 
J. B. Chown, and T. Morita [ pg. 139] 

Behavior of strong field electromagnetic waves in anisotropic 
plasmas (Z0); M. P. ·Bachynski and B. W. Gibbs [ pg. 145] 

The Trailblazer II reentry antenna test program.(20); J. L. Poirier, 
W. Rotman, D. Ha.yes, and J. Lennon (pg. !151'.] 

Single and multislot antennas in an inhomogeneous reentry plasma 
environment (Z0); K. E. Golden and G. E. Stewart [ pg.156-] 

Ionospheric antenna impedance probe (15); E. K. Miller, H.F. Schulte, 
and J. W. Kuiper [ pg. 161] 

How to determine ELF/VLF transmitting antenna performance in 
the ionosphere(Z0); J. P. Leiphart 

On the transient response of an antenna and the time decrease of 
Alouette spikes (15); P. Graff[pg. 165] 

Thursday, July 17th - 8:30 a. m. 

Session VII - Related Enviromnental Aspects - Chairman, 
Dr. C. J. Sletten (AFCRL) 

Dipole radiation in the lunar enviromn~nt (ZO); R. j. Phillips [pg.169 J 
VLF transmitting antennas using fast ~ave dipoles (15); 

E. W. Seeley[ pg. 174 ] 
Ground-wave propagation across strip:!:: and islands on .::1. flat earth 

(10); R. J. King and W. L Tsukamoto [pg. 1791 
Some considerations on ground-wave propagation across coastlines 

and islands (15); R. K. Rosich ( P8·l8f] 
VLF ground-based measurements on stratified antarctic m.edia(Z0); 

<ii.. E. Webber a:c:d I. C. Peden 
Effective ground conductivity measurement at radio frequencies 

using small loop anter..nas (15); W. L. Taylor [ pg. 186"·) 
Phase measurements of electromagnetic field components (ZO); 

P. Cornille [ pg. 196] 
Thursday, .July 17th - 1:30 p. m. 

Session VIII - Round Table Discussion on: Design techniques for 
pattern control by ground screens - Moder«i.tor, Dr. R. V. Row 
( Sy l va.nia) 

(Sessions IX and X'.. on F'rlda.y. are :te$erved for late ihiottna.1 pape:t-~. 

·-: 
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COMPLEX RAYS AND THE LOCAL PROPERTIES OF 
RADIATION IN' LOSSY :MEDIA* 

H. L. Bertoni, L. B. Felsen and A. Hessel 

Polytechnic Institute of Brooklyn 
Electrophysics Depa:rtment 

Farmingdale. N. Y. 11735 

Abstract 

The ray-optical description of radiation in lossy, inhomo
geneous m.edia,is, in general, in terms of complex rays. To 
clarify the physical sig:cificance of such a description, the local 
environment responsible for the fields at an observation point is 
found for a particular example and related to the complex ray 
reaching the observation point. 

1. Introduction 

At sufficiently high frequencies, propagation and scattering 
phe"'..1.om.ena in piecewise homogeneous or inhomogeneous, loss
less m.edia can be described in terms of rays. .The rays define 
real trajectories along which the fields and energy propagate, in 
that the ray fields a...-e influenced primarily by the e:c.viornm.ent in 
the imra.ediated vicinity of the ray. This local property of ray 
fields ::r::nakes ray optics a powerful tool for analysis of high fre
quency radiation and scattering. 

When an inb.om.ogeneous or piecewise homogeneous m.edium 
contains loss. the ray paths for fields traversing regions of vary
ing loss tangent lie in complex space (Furutsu., 1952; Seekl.er and 
Kell.er., 1959: Budden and Jull, 1964) (ray paths for fields traver
sing a hom.ogeneous, lossy medium are real). In the case of 
complex rays, the definition of a local enviromnent primarily 

~ responsible £~ fields at a given observation point is not evi-
~- dent. To clarify fh.e location and extent of the local environm.ent, 

!~\~: ,' : 
.. , ... 

', ,~ 

the fields transmitted across a planar interface between a loss-
less and a lossy half-space are considered. The local envi:ronm.ent 
appropriate to an arbitrary ob-servation point is found and is 
related to the param.eters of "the c om.plex ray reaching this point. 
This knowledge of the local properties of the field should prove use
ful in the study of radiation. and scattering in lossy configurations 
not amenable to rigorous ·analysis. • • • • • 
* This work was supported in. part by the University Science 

Development Program of the National Science Foundation under 
Grant Number GU-1557 to the Polytechnic Institute of Brooklyn. 
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2. Determination of the Local Enviromnent 

In order to define the local environment that prim.arily in
fluence the fields transmitted to a given observation poi:c:.t across 
a planar interface between a lossless and a lossy half-space, an 
idealized "window", which transmits the fields essentially over 
a lim.ited range, is inserted in the lossy m.ediurn in a plane parallel 
to the interface at a distance h below the observation point (see 
fig. I). The center of the window is placed -~o that for minimum 

z 
(y,.z.> 

---.--j~--
LOSSY MEDIUM WITH c..GAUSSIAN WINDOW OF 
COMPLEX WAVE NUMBER k TRANSMITTANCE exp [-Cy-yc)21w2] 

y 

REAL WAVE NUMBER ko INCIDENl" PLANE WAYE; 
LOSSLESS MEDIUM WIT~ 

: • 2e11:p(j( 1-py-✓k~-p2z>] 
Figuxe 1 

window size. the field at the observation point approximates the 
fields occurring in the absence o:! the window to within some fixed 
accuracy. By the above process, one determines the area in the 
plane whose illumination is principally responsible for the field 
at the observation point. In the lossless case, this area com
prises the first few Fresnel zones which are centered about the 
intersection of the plane and tbe ray reaching the observation 
point. If several distinct field types contribute to the observation 
point, the local envi.romnent associated with each field type could 
be found in a similar way. 

For simplicity, a two-dim.ensional problem is considered 
wherein a plane wave is incident at an angle in the y-z plane from 
the lossless m.edium.. Sam.pling of this canonical incident field with 
an appropriate window, which is assum.ed uniform along x. the 
relation between the local envi.:ronments and the complex rays is 
determined. To limit diffraction effects, which in the case of a lossy 
half-space can be exponentially stronger than the transmitted fields, 
the transmittance of the window should be analytic. The Gaussian 
function exp [-(y-y )2 /W2], centered at y , is used here. 

C C 

If ~t is the field at the observation point (y1 , Zi) of fig. 1 when 
no window is present, then the field E at the observation point when 
a "wide!' Gaussian 'Window is insertecI'g is given app:roxim.ately by 

{ 1 - k 2 ZJ} 
Eg~ !:t 1 + :;;z L jh ~ -(yc-y cm.-jd~ ' (1) 
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where p is the wavenumber along y of the incident plane wave, 

k is the complex. wavenumber of the lossy medium, q = jk:3- -~ , 
y =yi -h.Re(p/q) and d =-h!m(p/q). In order that, for minimum cm. . 
width, Eg approximate ~t to within some fixed percentage er:ror, 
the window location y snould minimize the magnitude of the square 
bracketed ter:m. in (l).c However, taking the window location as 
y =y provides a simple, frequency independent center for the 

c cm 
local environment and can be interpreted in term.s of complex 
rays. The displacement of the actual minim.um. of the square 
bracketed term in (1) from y is less than the minim.um. hali-cm. 
width W of the window for which Eg even crudely approx:im.ate Et. 

For y =y ~ E differs from Et by less than some relative 
C cm. -g - 2 2 

amount .Za.·2 < 1 i£ ,r > hf k2 /q3 I/ Vf2 and a.2 > d /W . Thus.if 

W is larger than the greater of ( 1 / a.) Jh I k2 / q3 J and I d I / a.., then 
IEg-EtJ / IEtJ < 2et2. The half-width W so chosen delineates the 

region about y in the z=Zi -k plane whose illu.m.ination is princi-cm. 
pally responsible for the~lds at (Yi,~). 

For a lossless mediw:n (k real), y is the intersection,witb. cm. . 
the plane; of the ray illuminating ( Yi , Z:t ) and d = 0, so that the Fresnel 

criterion W>~ (1/~)-JhJ.,;?, /q3 determines W. The principal effect 
of loss on W is to impose a condition, linear in h, that must be 
satisfied in addition to the Fresnel criterion. For 
h< lk2 /q3 J /[Im./p/q)]2 , the half-width is determined by the con-

dition W> (l/a.).}hlk2 /q3 I while for h greater than this value, W 
is determined by W> ldl /a.. 

3. Relation 1:o· Complex Rays 

If the medium. for z > 0 is lossless, the fields at {y1 , Zi) can be 
interpreted in terms of real rays. • In this case, the incident plane 
wave is viewed as being com.posed of a family of rays parallel to the 
direction of propagation of the plane wave. These rays are refracted 
at the interf"ace and one of them. illuminates (Yi, Z:r_ ). The equation 
of the path of this ray is (y1 -y)=h{p/q), where y is the intercept of 
the ray with. any plane z=Zi -h > 0. 

For the case of a lossy m.edium (k complex),, the foregoing ray 
equation still des-cribes the path of the ray ilhuninating (y1 ~ Zi ). How
~ver, since q is now com.plex. except for norm.al incidence the ray 
intersects the z=Z:i, -h plane at a complex point. In particular~ y is 
complex at z = o. thus requiring the extension of the family of rays 
representing the incident plane wave to include rays lying :in com.plex 
space. In fig. 2.. the com.ple.x ray is plotted for p > O. 

I 

' ~ . ' ,·,. 

:', :ttl~1i,~:., · 
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t~ OF REGION OF 
PROPAGATION 

<Ye= Yem> 

REGION OF-- / 
PROPAGATION 1/ ./ 

V 

/ 
/ 

I 
I 

Figure 2 

COMPLEX RAY 
y= Y1-hp/q 

ldl/Q 

Taking the real part of the ray intercept for h real gives 
Re(y)=y1 -hRe(p/q), so that the center y of the region whose cm 
illumination is principally responsible for the fields at(y1 , Zi ) is 
the normal projection of the complex ray into real space. Taking 
the imaginaxy part of the ray intercept gives Im(y) = -hlm(p/q), so 
that the condition W > l d I / a. is seen to reqUU"e that the half-width 
of this region be several times the distance that the complex ray -
lies outside of real space. The local envirom:nent, which lies in 
real space, appropria'te to the observation point (y1 , Zi) is outlined 
by the solid curve in fig. 2 for the case of high loss tangent. 

By placing the Gaussian window at values of z< O, it can be 
shown that the region of propagation in free space is centered '.. 
about the normal. projection., into real space, of the plot (for z 
real) of that com.plex ray, which when refracted at the interface, 
passes through (y1 , Z:l. ). Again, the extent of the region of pro
pagation is the wider of the limits set by the Fresnel criterion 
and the criterion based on the distance from the ray, when plotted 
for real z~ to real space. 
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TRANSIENT DIPOLE OVER A DIELECTRIC HALF-SPACE* 

by 

D. A. Hill 

The Ohio State University 
ElectroScience Laboratory 

Department of Electrical Engineering 

The transient fields of short electric dipoles located above 
a dielectric half-space are examined. Closed form solutions are 
obtained for the cases where the observation point is directly 
above or below the dipole and where both the dipole and the ob
servation point are located at the dielectric surface. 

-
The problem of radiation from short dipoles "W'i.th time-harmonic 

current excitation in the presence of ground results in the well 
known Sommerfeld-type integral solutions. If the current is a delta 
f1.mction, o(t), then the time-dependent solution can be obtaine~ by 
taking the inverse Fourier transform of the Sommerfeld-type solutions. 
In th.is paper, exact closed-form, time-domain solutions are obtained 
for some special cases. 

z 

T • P (p,z) 
h 

"v• nh 

Figure 1. Vertical electric dipole above a uniaxia1 anisotropic 
dielectric half-space. 

~e research reported in this paper was sponsored in part by the 
Air Force Cambridge Research Laboratories,, Office of Aerospace 
Research. under Contract F 44620-67-C-0095, and by The Ohi:o State 
University Research Foundation. 
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Figure 1 shows a vertical electric dipole located at a height 
h above a uniaxial nondispersive, anisotropic dielectric half-
space with a vertical index of refraction Ilv and a horizontal index 
of refraction Dh· The dipole is of length ds and has a current 
I o(t). Cylindrical coordinates are used since the problem is sym
metrical in the~ direction. The frequency-domain solution for the 
z-component of the Hertz vector in the upper medium bas been de
rived by Wait (1966). When the direct term is removed, the fre
quency-dependent scattered field can be written as 

rr5 (w) = 
oz 

Ids{ e-j;Jp2+(z+n) 

4,rE~W J p 2 + (z+h) 

+ 2"v"h r 
0 

.J ).,2 - (w/c)2 (z+h) 
J 0 (Ap) e 

nv°h J A2 (w/ c) 2 +J ).,2 
(1) 

If the observation point is directly above or below the dipole (p=O), 
the form of (1) is simplified by removal of the Bessel ftmction. 
The frequency dependence of the integral in (1) can be further 
simplified by the substitution A= ooa. We are now ready to take 
the inverse Fourier transform of rr~:/w) to obtain,;_the time-depend
ent Hertz vector~~s (t). Since it 1s known that ns (t) lilUSt be 
real and causal,II50tt) can be obtained using only ~e real part of 
II~z(w) as shown 4zPapoulis (1962). 

rr8 (t) = 
2F-l [Re rr~z(w)] = - [Re rr5 (w)] cos wt dw, t > 0 

2 Ia:, 

1T oz 
oz 

0 

0, t < 0 (2) 

The two integrals on "a" in the expression for ~ (t) can be eval
uated by use of the delta fUD.ction ~roperties an~¾y use of standard 
~tegra.l tables. Fort< (z+h}/c~ Il~z(t) ~s zero; and for t>(z+h)/c~ 
rr5 ( t) is given by 

oz 

'\, rrs Ct) 
oz 

I ds Yh [ct/(z+h)] - j [ct/(z+h)] 2 + n; - l 

4~~(z-fh) nvni-i [ct/(z+b.)] + j[ct/(z+h)]Z+ ~ - 1 
(3) 

The magnetic fiel.d on the z-axis is zero, and the 
has only a z-component which is obtained from the 
Hertz vector by the operation,~ (t) • [a2/az2 -

oz 

. ,·, ,- . 
••, 

I ._ r~~:;•,\ • 

electric field 
time-dependent 
(l/c) 2 a2ht2Jifs (t). 

oz 
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The time-dependent Hertz vector can also be obtained when both 
the dipole and the observation point are located at the interface. 
In this case the frequency-domain expression for the total Hertz 
vector is 

rrt (w) = 
oz 

(4) 

The frequency dependence is again simplified by the substitution, 
;,. = wa, and only the inverse transform of the zero-order Bessel 
function is needed to obtain the following time-dependent Hertz 
vector. After performing the integration on "a", the following 
closed form is obtained which agrees with the result of Van der Pol ;~9::~ :b-; ::• {lo(w::2 :::ium -~[s :i.sotro:ic. 

oz - 21TE0P °v2 nb2 1/ J nh2 - ¾2 + 1 Jc"h2+1~ ~- U:] 
l] u( t _ :VP)}. 

(5). 

The electric aud ma&!letic field components can be obtained by op
eratiD.g on Jl'~~(t): £'~z(t) == - (1/()) a/ap [cl n'.~z(t)/ap] and 
~,t) = -e:0 a frgz<t)/op'ct. There is also a p-component of the 
efect~ic field, but it can not be determined from (7) because the 
z dependence oi ~t (t) is needed. oz 

The time-dependent Hertz vector i.0. t.1le lower medimn can be ob
tained vhen the observation point is direc~ly belo~ t.~e dipole (p=O). 
The problem is simplified when the lower medium' is ~ sotropic (nv = 
nti = n) • The frequency-dependent Hertz vector for this special case 
is r .J >2- (n/c) 2 z - J A2-(~/c)2 b 

o n·z) '>.. 2-(w/c) 2 + }'>.. 2- (nw/c) 2 

If the substitution. A= lila• is made, the frequency dependence of (8) 
is simplified. The inverse Fourier transform can then be taken using 
the same technique which was employed on (1), and the resul.ting 
time-dependent Hertz vector is 
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~lz(t) = ~ [ z2+h2 
2,,.e:: h2-z2 

0 

[ z+o2h+(h+o2z)J l+(n2-l) (h2-z~ J-1 
(ct) 2 

(7) • 

__ , - - - ... -

The magnetic field is zero for p = 0 and the electric field has 
only a z-component given by ~lz(t) = [a 2 /az2 - (n/c) 2 a2/at2] ~lz(t). 

The problem of a horizontal dipole over an isotropic half-space 
has been treated by Banos (1966). The electric and magnetic fields 
are given in terms of the usual integrals so that the intermediate 
calcu1ati~n of the Hertz vectors is not necessary. If the electric 
dipole 1s 

z 

• P (x,y,z) 

n 
Figure 2. Horizontal electric dipole above an isotropic 

diel.ectric half-space. 

oriented in the positive x direction at a height h above an isotropic 
dielectric half-space and the observation point is directly above or 
below the dipole (x=y=o),then the inverse Fourier transform of the 
scattered electric field in the upper medium can be taken using the 
same methods which were used for the vertical on-axis fields. The 
resulting time-dependent electric field is 

'\, 

E5 (t) 
ox 

{ 
o'(t ~h) n-1 o{t - z+ch) 

_ I ds n-1 - c 
- 41re:0 n+l c2 (z+b) + n+l c (z+h) 2 

_ u(t - ~)r a2r ==2 ==::;:==-
c2 (z+h) at 2!+Jl + (n2-l)(z+h) 2 /(ct) 2 

+ (ct)2/(z+h)2 - 1 J c2 11 
n2 + J1+(n2-l) (z+h) 2/ (ct) 2 (z+h) 2J (B) 
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Using the same technique, the scattered time-dependent magnetic 
field on the vertical axis in the upper medium can also be found. 

Details of the material in this paper are included in Hill (1969). 
For an arbitrary location of the source dipole and observation point~ 
application o: the techniques used here results in a finite integral 
which must be evaluated numerically. In this case one must work 
directly with expressions for the field quantities if the til!le
dependent field waveforms are desired. The same techniques can be 
used for the case of magnetic source dipoles since identical in
tegrals are involved. If the half-space is dispersive, a Fourier 
synthesis technique can be used to secure the waveforms (Rill (1969)) 
but one is limited to the usual asymptotic estimates of the frequency
dependent fields. However, from quasi-static and high frequency 
asymptotic approxi.mations and a limited number of synthesis results 
an estimate of the transient field is feasible. Such an estimate 
has the advantage of combining several spectral approximations in 
a single real characteristic waveform which, through convolution, 
is applicable for arbitrary excitations~ 

The specific on-axis results detailed in this paper basic2.l..ly 
yield exact closed form expressions for the interaction between a 
dipole element and a dielectric half-space. Usin~ these, estimates 
of the response of linear or Rayleigh objects in the presence of a 
dielectric half-space for dipole or plane wave illumination can be 
obtained. Studies of these and related topics are presently in progress. 
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The Propagation Constant of a Small-Diameter 
Insulated Helix 

F. P. Ziolkowski 
Raytheon Cor::l.pany 

Norwood, Massachusetts 

The influence of an insulating dielectric on the propagation con
stant and coupling of energy from a tape helix to the ambient med
ia is considered: The solution presented for a pitch angle of 10° 
demonstrates the proper behavior for thick and thin insulation. 
The coupling decreases markedly with insulation thickness and 
slightly with helix size. 

The general procedures developed for the solution of the tape 
helix in air (Klock, 1963 and Sensiper, 1955)'is applied to the insu
lated helix. The notation used in this paper is 

r, cp, z Cylindrical coordinate variables. The axis of the helix 
is coincident with the z axis and r = a 1 is the surface on 
which the helix lies. 

p Pitch distance between turns of the helix, p = -frr 
a4 Radius of the helix 

Pitch angle of the helix, tan, 1/J = p/a 

Tape width of the helix 

The filamentary helix is defined by the relation pep - z = 0, 
which for a tape helix of width - 6/ 2 ~ ~ < 6/ 2 is p cp - z = (. 
By use of group theory the unique perioditicities of the helix 
have been incorporated into the cylindrical coordinate representa
tion of the solution of Maxwell' s equations. The z components of 
these fields are of the form 

'¥. = e -j/3z/p 
l 

✓~ Ti = + n)z 
D. 
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where Ln is the Lnod:i.fied Bessel function In or Kn as is appropriate. 
The insulated helix consists of a core O ~ r .:::, a 1 • the insulation 
a 1 s_ r S. a 2 , and the ambient media a 2 S. r, wherein i is I, 2, or 
3 respectively. Once the field expressions for each of these re
gions is obtained and the current is expanded in a similar manner, 
the eight boundary conditions 

i == I, 2 for u = (/), z {2} 

together with the :requirement that the electric field parallel to 
the tape be zero yields the determinantal equation. In (2) 

ju1 .L is - jz, j,,, for u :::: (/): z and j2 = 0. The determinantal equ.a-
• "" u.L 

tion can be simplified to 

-J~z z ro = + kG 
(3) 

where 

(1 + 

1 

Kzz Iz1 - E I:1 Kzz) 
F1 = I2.1 Kz1 

E lzz K21 - lzz K,n 

E'3 
2: I 

To K32 
E = 

E"z Tl K32 

I 

~ • ctn >,b 'r, i:,, K21 (Kk Iz1 - M Kzz I21 
+ 1)] lz1 

Fz = 
I2:1 M KzzI22 - K,n rh 
µ.3 z ' To K32 

M =-
µ.z TJ K 32 

~'~. 
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( 1 - t. . e -:>..n) 
"J 

2 
+ <t' - 1) cos 2 1/J 

A = 2 {t' - I ) ctn l/J 

6 
a = -2 ctn¢. 

al 

j = 1. 2 

µ 3 
l - -:::- t 

~2 
µ z = -µ3 

I +-
µ,2 

A shorthand notation has been used so that Iij = I'.l (TJ ajlp) and 
similarly £or Kij- If A > 3 then the last term is :c.egligible for 
which case S 1 = Sz = I -1!..n Q'. 

,, -
I This solution is valid for small-diameter helices such that 

131 << I a.nd requires the core and insulating materials to be 
identical. This core insulation material m.ay have an.y per
meability or permittivity, with or without loss. 

The figure is the solution of this equation for a dielectric 
core-insulation case in rock media. In this case µ 2 = µ.3 = 1 
and E 3 / E' 2 = 4, pz = 0 and p 3 is as sum.ed O. 1 and 1. 0. The 
helix pitch angle is 10° with t' = 4. 0 and 1. 03. The solutions 
are com.pared to the asymptotic cases of infinitely thin tapes 
with infinitely thick or thin insulation. Because of the finite size 
of the tape of the helix, O/ Za1 = . 1, the expected dispersion 
from each of the asymptotes is encountered. The ratio '3i/13r is 
observed to decrease slightly with increased helix size and mark
edly with increased insulation. Increasing the loss tangent of the 
rock :m.edian increases this ratio. Computed results indicate .. 
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that insulated helices yield values of 13i/13r that are as much as 
two orders of magnitude less than comparably dimensioned, in
sulated solid conductors. 

.02 

. 01 

a 2 /a1 = 1.03 
4.00 

0 . 04 
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AN ALTERN'A TIVE :METHOD FOR DERIVING FOCK I S 
PRIN'CIPLE OF THE LOCAL FIELD IN THE PENUMBRA 

Dr. R. H. Ott, ESSA/ ITS 

ABSTRACT 

An alternative m.etb.od for derivmg Foclc' s principle of the local 
field in the penu:m.bra is presented. The method is based on 
solution of the wave equation in parabolic coordinates, with an 
unpedance boundary condition on the surface and a radiation 
condition at inf:inity. It is shown that Fock' s pr:inciple yields 
surface currents that are extremely accurate provided the ob
servation pomt on the cyl:inder is near the pomt where the im
pressed field grazes the cylinder. When the impressed field 
travels in a direction tangent to the apex of the cylinder, Fock' s 
prmciple is exact for all observation points on the cylinder. 
The results presented :in this paper are more general than those 
given by Rice s:ince his results are limited to the perfectly 
conducting case. 

1. 0 Introduction 
A number of investigators have studied diffraction of radio 
waves by cylindrical {parabolic and circular) surfaces: Rice 
(1953), Wait and Conda (1958), Jones (1964), Foclc (1965). In 
this paper we investigate a plane wave strilting the parabolic 
cylinder at an arbitrary angle of :incidence (i. e. , the incident 
wave is normal to the axis of the cylinder, but not necessarily 
tangent to the apex). The field on the surface of the cylinder 
satisfies an unpeda.nce boundary condition. Foclc' s principle 
implies that universal formula exist £ or the field on the surface; 
i.e.• when the mcident wave is not tangent to the apf"x we re
place ~e original wave direction and cylinder geom.etry by an 
equivalent geometry with the wa. ve tangent to the apex of a re
placement cylinder with a radius of curvature equal to the radius 
of curvature of the original cylinder at the point of tangency. It 
is shown that for all angles of incidence, Fock' s principle yields 
extremely accurate results for the penw:nbral currents, provided 
the observation pcr..nt on the cyl:inder is near the po:int where the 
unpressed field grazes the cylinder. When the :unpressed field 
is tangent to the ap~ of the cylinder. Fock1 s principle yields 
surface currents that are identical to those derived :in this 
pa.per. 
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Z. 0 Analysis 
We now consider the field produced by a plane wave, traveling 
:in a direction making a:c. angle r.p0 with the positive x-axis, • 
str:ilcing the parabolic cylinder :in figure 1. It will be assumed 
that O < Cllo < rr . 

Raf lectad 
Ray 

Lit J. 

Shadow 

-----~------- ~- ·--- ----

Figure 1. Geornetry of incidei:i.t wave and parabolic cylinder, 
used in the derivation of the Fock currents. The 
origin is at the focus of the parabola. 

The solution of the wave equation and an im.pec!.a.nce boundary 
condition and the radiation -:.ondition at in:fmity may be shown to 
be (Ott, 1969) 

-1 J dV $=---
2J,;; 1. 1 . sin vrr 

-• '-" -z-lCO 

l " zD\J(-hso) -hD~ (-hsa) 
(tanli:p0 ) {n (-hs) -..c:::=======:=::I 
cos zcpa \I z Dv(hs 0 ) + hD~ (hl; 0 ) 

D-V-l(h'fl) , (h=,./zk eID/4) . (1) 

When hs O becomes large, the followmg asym.ptotic representa
tion for tb.e pa:rabolic cylinder function is valid {Rice, 19 53}: 
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l 

n ... _!,(bS 0 )~ z,Jn exp{ ½(il-l-½)-tn:iµ.-iµ./ 2+ iTT / 1 z} µ l/ 6( 2!s~ J 
- a ---2._4 

x Ai( eiTr/ 3 µZ/ 3 Si), µ, (2) 

where 
Jks! I 2µ 

¾cs1) 312 = 4 s Js2 -1 ds , ('v = iµ.-½> . 

l 

Substituting (2) and an asyn1ptotic expansion for D.' 1 into (1) 
yields the following expression for the normal iµ-z 

derivative of (1) on the surface: 

-iTT/12 co 
l .l. 0$ _ -zh 1 e !. J dµ e-iµ.[sa-lnta.n{qio/Z)] 

(s! +1il)Z 0So - 2:rr(s! +112)2 (sintpo)a -m 

.!. l 

x'4+2kT12)--+µl/6{ ( ~- S+ ''iA·( irr/3 2/3;:) 
\..: Z 2k"''"' / 1 e µ ':ll µ .=:.?.a_4 

µ 
2k.$2 

irr/12 .=.:!-2. -4 .!. -1 
+ he z µl/6(· ~

1 
) 4 A{(elJT/3µ2/31;:i.)} 

nEJ.2)1( k.112 1 2 )1 2 l ) 
(sa='Zµ- z 1+ 2µ )_.Z + .in{(: z + (1+: ) 2 } • (3) 

The Laplace approximation (Copson, 1965) states that the major 
COlltribution to the i.ntegral :in ( 3) will arise from the neighbor -
hoods of the points at which 

f(µ, Tl} = µ[s.a -tn tan (cp0 / 2)] (4) 

attains its suprem:um. These pomts will be solutions of 
of/ oµ = 0,. and it is easy to verify that the point Tl= -s O cot qi0 ,. 

µ = ½ kS: satisfies the condition. S:ince we are :interested in the 
integral near the point where it assuznes its greatest contribu
tion, it would appear that a Taylor series expansion of f(T, 11) 
about this point would be useful. That is, consider 

f(T .II 11) = -kr cos (cp -q>o) + ~ en, C?o) + f1 (O:t Ci)o) '1" • (0 =Tl/!; 0} ~ {5) 

where 
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£i. {O, cp9 ) = (r. _ + >[I + (0 sin cp9 + cos cp9 ) cos cp9J l/ 3 u sm cp0 cos cp0 2 
(ks~/ 2) 

(6) 

and 
f2 (Q, cp9 ) _ (0 sincp9 + cos cp9 )

3 

{ks~) - 6 
{7) 

and the variable of integration is changed according to 

( ks2) (k!;2)1/3 µ = ~ + __ 0 'T 
2 2 

(8) 

The corresponding functions given by Feck agree with ( 6) and 
( 7), provided n ~ -cot cp0 • 

3. 0 Concluding Rem.arks 
The validity of Fock' s principle for the local field in the pen
UIIlbra Vira.S investigated for the case of a plane str:iking a 
finitely-conducting, parabolic cylinder at an arbitrary angle of 
incidence. The results sho-w that Fock' s principle is extreme
ly accurate provided the observation point on the parabolic 
cylinder is near the point where the impressed field grazes the 
cylinder. When the :.....-npressed field travels in a direction tan
gent to the apex of the cylinder, Fock' s principle agrees 
exactly with the results presented in th.is paper for all obs er -
va tion points. 
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BOtJNDARI VALUE PROBLEMS IN RADIALLY INHOMOGENEOUS MEDIA * 

John G. Fikioris 

Department of Electrical Engineering 
The University of Toledo, Toledo, Ohio 

Abstract 

Analytical and numerical solutions of radially 1.nhomogeneous 
problems are e:xam:Lned. Pi~cewise constant and analytic approxima
tions to the scratification function are discussed and compared. 
The advantages of the latter are pointed out. Finally, for a rather 
general case, the analytic continuation of the associated radial 
functions is carried out. 

1. Int-roduction 

Electromagnetic fields in radially inhomogeneous media, with 
an obvious extension to ellipsoidal shapes, are of practical inte
rest in ant.euna, scattering and lens problems (Tai, 1958). If allow
ed by the shape of boundaries. the method of separation of variables 
may st.ill be applied to such problems. In a number of situ.at.ions 
the precise profile of the sttatification function f(r) is no~ known 
and, more imporcantly, not very critical iu determining the value of 
certain qwmtit.ies. An example 1S provided by the input impedance of 
a bi.conical antenna. i.n such media (Fikioris, 1965a) • in particular 
clissipa'ti.ve near the antemia region. In contrast, the far fieild of 
the ante1ma depends on values of f(r) for all r. For the far field 
of an iDhomogeneous .. lossy scatterer of radius d, on the oeher hand, 
va1ues of f(r) uear r-d are more influential than those near r-0. 
In lossless medi.a knowledge of f(r) for all r is required; even 
then, a good approx:f.mation to it for all r may suffice for certain 
problems. 

2. Discussion of Various Approaches 

The precedi.ng considerations make obvious the importance, from 
the analytical and computational standpoint, of an optimum choice in 
approximating f(r). Two practical possibilities exist: a piecewise 
constant :function fH(r) (M layers in the interval of interest 

* Most of the work vas done at the Gordon McKay Lab., Harvard Uni
versity, Cambridge. Mass., and 'W'as supported by NSF Grant 20225 
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r 0 ir~ZM) or an analytic function f 8 (r) (having continuous derivati
ves of all orders in r 0 ~r$rM). Some immediate advantages are evident 
in both cases. In the f"ormer, the snlution ~(r) of the radial di.f
ferential equation is given in terms of known functions. For instan
ce, in spherical inhomogeneities, Rv•jv or 8n_•hu• the spherical Bes
sel or Hankel function, where v 1 n denote the separation cODStaa.t. 
H°"'1ever 1 matching of solutions has to be effected at r-d and rarm 
(m-0 1 1, •.• M), a tedius task indeed. With fa(r) matching 1s required 
only at r-d,r0 ,rM. The cases r 0 •0, r~ further reduce the number 
of matching surfaces. Here d denotes the length of a biconical an
tenna, or the rad1us of tbe lens I scatterer, cylinder, or t-d of an 
ellipsoid, in corresponging cases. 

The weight of these considerations becomes clear, when it"•is 
noticed that matching at m surfaces involves solution of 2m complex 
linear equations in 4m real unknown coefficients. Computer limita
tions in matrix inversion are well known and severely restrict M. 
For intervals r 0 $~Z'ff long compared with A such l.:Lmitations on M 
will produce inaccurate results. For a meaningful approximation to 
f(r) the width of the layers should be selected as a small fraction 
of A rather than by matrix inversion considerations. For inatance, 
A/4 coating of a dielectric e2/co by another &i/co•i£2/e0; f:iiisults 
in O reflection (at no:rmal incidence), but for any departure from 
d 1•l./4 1 say d 1=-l./2 11 the reflection coefficient is significant. Besi
des, each layer is a piece of non-mu.form transmission line of the 
same length and corresponding characteristic impedance (Wait, 1962). 
All this makes evident the advantages I in many cases the necessity 1 

of choosing f 2 (r) over fM(r). 
It is often desired to study the effects of chang.ing d in the 

same medium, particularly in the range r 0 ~d1i~• With ~(r) certain 
equations must be modified as d moves from rmfd:$'.rm+l to rnr1-l~~rm+2• 
In the problem of the bi.conical antemia Rn (n•integer) 
changes to ~v (v-fracti.onal) and vice versa 1 in the conespoading 
intervals. The matching equations are also affected. Such complica~- . • 
tious are absent, wben fa (r) is chosen. 

At first glance, even the advantage of dealiug with knOWD. func
tions, like hu_ 1 jv• seems minimal. The computer evaluates them. in
stead of reading their tabulated values. But theu, almost as well, 
it may be programmed to compute Rv(r) 1 by means of a vari.ety of infi-
nite series expressions. Programs evaluati.ng recurrence foJmUlt.S and 
sussmdng series are simple. Havever 1 deallu,g with solutioa.s of the 
hypergeometric equation, of which hu• j" are a particular variation, 
allows use of recursion fo:cmu.l.as relating solud.ons of adjacent order 
and greatly facilitates the evaluation of such nmctions. In addition, 
connection and asymptotic formulas among the various solutions of the 
eqaation ae known and simple. Unless f 8 (r)•brC (b, c c:oa.stants), the 
radial equations possess more Chan the 3 regu1ar sillgu1ari ties of the 
hypergeometric equatioa (or its variatioas) and, i.n. general, xecur
sion formulas cam:iot be found. Connection and asymptotic fo:nmlas can 
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be found in certain cases (Fikioris, 1963 1 1965b) after involved 
analytical and computational work. This is the only advantage of 
fM(r) over fa (r) 1 but it is an important one. 

3. Analytic Continuati011 of Radial Functions 

In the rema:ining part of the papex the effect of zeros and sin
gularities of fa (r) on the analytical complexity of the problem will 
be discussed in general terms. While details can be found elsewhere 
(Fikioris. 19631 1965a, b) 1 certain aspects, available only in the
sis and technical report for1:1. 1 will be elaborated upon. As already 
mentioned, the limits r 0•0 and/or TM:"9"', when allowP.d by the confi
guration, substantially simplify the solution. The corresponding 
matching problems disappear; finiteness around r-0 and the radiation 
condition at r-"" single out proper radial flmctions, reducing the 
number of expansion coefficients. However, both £8 (0) and fa(•) must 
be finite. This rules out simple forms like fa(r)•brC and introduces 
additional singularities in the ve 11 known radial eqautions for TE 
and TM spherica.l waves (Tai 1 1958) 

respectively. Eor certain problems d•r0 $r and fa(O), being of no con
sequence, may be taken O or ... resu1ting in considerable simplifica
ti011. Similar remarks apply when d•rM• fa (r)=constant for r?;rM• 

In any case• (1) and (2) should be solved over the interval 
r 0 $r<TM and the appropriate solutions evaluaced at r-r01 d, TM• The 
singularit~es, introduced into the equations by fa(r), restrict cbe 
convergence of the infinite series expressions for Rv(r). For inter
vals long compared with l, analytic continuation of Rv(r) becomes 
inevitable. As an illustration. (2), whose singularities exceed tho
se of (1) by the number of zeros of fa, will be solved and analyti
cally continued in case fa(r)•(x+a)/(:x+b)•l+c/(x+b), c-=a-b, x-kr-
2vr/J. 1 in Che interval O~r~m (r0 =0 9 TM,-")• A bic:onical antenna in 
such a medium has been investigated in detail elsewhere (Fikioris, 
1965a, b). With x-kr (l) becomes 

R"(x)+cR'(x)/{(x+a)(x+b)}+{l+c/(x+b)-v(v+l)/x2}R(x) • 0 (v~O) (3) 

and has 3 regular singular points at i-o, x--a, x--b and an irr■gu
lar singularity of Che first ra:cik at :x-co 1 i.e •• two more regular 
singularities than the Bessel equation. For lossless media x varies 
along the real axis; for dissipative media along a straight line in 
the fourth quadrant of the x-plane from Oto .... The method of Frobe
nias around :x-0 yields two independent solutions R1 , R2 in the form 

R(x)-:z:0 f ap_'xfl., lxl<min(lal,lbl). where a 1•v+-l for R11 a 2--v for 

R2((fo~£ractional values of 2v+l). The coefficients 8n for nmli. 
2,.... can be fOUlld by the 5-term recurrence formula 

. ' Ii 
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4 
t &n u (n+a-m) - 0; a_j•O • j•l,21 ••• (a0 el 1 a 1-c/2ab) (4) 

n .. O -m m 

where u 0 (z)•aby(z), u1(z)•cz+(a+b)y(z), u2(z)•a2-+y(z), u3(z)~2a, 
u 4(z)•l, y(z)•z(z-1)-v(v+l). • 

When 2v+l equals a positive integer there 1.s uo change in R1• 
but Rz becops logarithmic. It may be defi~ed as follows: R2(x)• 
lnx R1 (x)+n•o bnxU-", I xi <min( I al, lb[). The bu' s obey an inhomogeu~,· 
ous recurrence formula for n>2v+l, whose homogeneous part is the sa
me as (4) for a--v. For l~n~2v, b0 •b0 d.a, where with d0•1, d-j-0 (j• 
1,2, ••• ) the constagts 1, d1 , •••• d2v• satisfy (4) with a-v. Final
ly, b0 -ab(2vt-l)/{j!o d2v-juj+l(v-j]} and b2v+i=O. 

The analytic continua t:ion of R, , R2 beyond cbe circle I :x I -m:l.n 
( I a I, lb I) can be obtained using a bilinear transformation t-x/(x+p), 
x=pt/(1-t). The constantpp is chosen to optimize the convergence of 
the resulting series in t. The norma:::. at: x--p/2 to the straight seg
ment from ~o t:o x--p/2 1 maps onto the unit circle in the t-pl.ane. 
The half plane containing X""'O maps onto ltl<l, whereas xa=O., -a, -b 1 

""map onto t:aO, a/(a-p), b/(b-p), 1 1 respective1y. These points are • • 
the only singular ones. of the differential equation in t: 1 

R"(t)+f- pc +2.]R, (t)+[(p-a)t+a p~ -
l£(p-a)t+a}{(p~b)t+b} t-1J l(p-b)t+b (t-1)~ 

-v(v+l}/{t2 (t-1) 2 }]RCt) • o • (5) 

The first three are regular, the last, t-=1, is :!.rregular of rank 1. 
The parameter p can be chosen so that x--a, x--b are located 011 the 
half plane that maps outo ltl~l. Then, a pOliler series solution of 
(5) around t=O will converge for It I <1 11 providing the analytic conti~ • 
nuation of R(x) over the interval of interes.t 0-:sBe(x), .... Numerical. 
computauonashave shown that such series can be used for values of 
I xi 3 to 4 times larger than those possible in connecti011 with cbe 
series in x. It is not necessary. in this respect. tp map x--a, -b 
outside I t I •l. Some times larger values of Ix I can be used w:i th se-
ries int convergent in lxl<min(la/(a-p)I, b/(b-p)J)<l. The image of 
the straight line over which x varies from O to ""• conneccing t-o to 
t=-1 1 should be as farkher from singularities as possible. This is 
the optimum criterion for p, for such restricted values of x. 

It remains to counect R(t) to R(x}. This is done here in the 
special case p-2a 1 t:-x/ (z+2a), x-2at/Cl-t), mapping x--a on c--1 1 a 
conveuient choice in certain applications. Ihe series iii t are: 
R(t)•Acernf0 en_tn, ltl<min(I,!hl). b•b/{2a-b), where a1•v+l for R1 , 
02-v for R:z and fractional 2v+l. The eu's satisfy a 7-term recur
rence formula with e 0•1 1 e •o+(l/2)-1/(2b). As r+O, e-(x/2a){l-x/(2a) 
+ •.. }. Substituting: R(t)aA(x/2a)a(l~/2a)-O(l+e1x/2a+ •.. )•A(2a)-O 
i0ll•(e1--a)x/2a+ .•• }=A(2a)-0 :x0'{1-c::i:lf1")+ ••• }. With A~(2a) 0 the so-

CD a> 

lutions in x and t: are identical: R-xa I .-xU.(2a)at:a i: -en. n•o --u n•o a::i. 

------------------
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For integral values of 2v+l, R2 becomes logarithmic. In analogy 
with the series in x: R2(t)•ln{2at/(l-t)}R1 (t)+B !0 Sn_tn-v, itl<min 
(l.lh!). For lsu~2v the g0 's are evaluataddby a Comogeneous recur
rence formula, like that for the e 0 's of R1(t), with cr-v, g0 •1, 
g 1-....+(l/2)-1/(2h). For n>2v+l the Sn's obey an inhomogeneous re
currence formula, whereas Band &2v+l are chosen so that R2 (t): 

i 2 EIJ. This ~ans Bt.-\ln~ognt0 

"" -z.-v b
0 

0

f
0

~xD- 1 where bn•b
0

~ for 

all n, or Bn~o &o, (x/2a)1'(l+x/2a)v-n "" (2a)-"bo:i!0 13nxll. Use of the 

b::i.nomia1 expansi.on for small lxl, as before, yields: B=b (2a)-" 
. 0 

and (for 

v-n+l/2, 

integral v) g2v+1-J1C-l)v+m v! gv+m/{(v-m+l)!(m-1):}. For 

n•integer, slight clianges are involved. The result for Rz 
co 

1½(:x:)•R2 (t) = 1nx R1(x) + b 0 (2at)-...,0 ~ 0 Sn_tn , ltl<minCl,lh!). 
is: 

The formulas are easi]_y checked for f1.mctions of low order, 
v-1,2; they have.bbeen checked numerically for much larger values of 
"• It was also found that tbe~:coe.l:ficients ~ increase faster than 
the en's. More details, as well as methods ot obtaining asymptotic 
expansions of R 1 , R 2 as x-, can be found elsewhere (Fikioris, 
1963 1 1965b). 
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RADIATION FROM A PARALLEL-PLATE WAVEGUIDE INTO .AN 
INBOMOGENEOUSLY FILLED SPACE 

R.J. Kostelnicek, University of Illinois. Urbana, Ill. 61801, U.S.A. 
R. Mittra, University of Illinois. Urbana, Ill. 61801, U.S.A . 

.A method involving au extell.Sion of the fmi.ction-theoretic 
technique is presented for solving the problem of a semi
infinite parallel-plate waveguide radiating through a die1ectric 
or plasma slab. Some numerical solutions are presented for 
both cases. 

Introduction 

The object of this paper is to present an analysis for the 
problem shown in Fig. 1. 

PERFECT _.....,. __ 
CONDUCTORS 

INCIDENT 
MODE 

C 

8 2·b 

0 

·kL y I z 
I 

1,,J,.---------...... --..... ---1,---.i ...... -, 
I 

C I 
I 
I 

E 

Fig. 1. The radi.ating waveguide with a slab bav.ing 
a relative dielectric coustant K • 

.A conventional approach to this problem entaiis the use of the 
variational technique. However, this formulation is necessarily 
appro::dmate, since the Green's function for the region external to 
the waveguide can not be constructed in a convenient manner. In 
addition, no direct use is made in tli.e above method of the laiown 
exact solution of the canonical problem, i.e., a sem:i-infinite 
wavegu:tde radiating into free space. 

In contrast, the present formulation for this problem is based 
on an extension of the method followed by Mittra and Bates (1965) 

---------------------------------------------------
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for the canonical problem. The basic steps involve the writing of the 
fields in region Bin terms of waveguide modes and in region E in terms 
of a continuous spectrum (Fourier integral) representation. Similar 
transform representations are also employed in regions A, D, and C. 
Typical representations for the magnetic intensity in regions Band E 
for a TM incident mode of unit amplitude ~re given by po 

B z 
B (s-rrx) S s cos Te (1) 

s=o 
and 

00 

(2) 

0 

✓ 2 2 1 

The longitudinal ~ave numbers are given by B = (sir/b) -k in 
S 0 

region B, E;: == ~ in E, and n = ~ in C. The mod~ coefficients 
0 0 

and spectral weight functions are B, D(a), E(a), C(y), at2d A(a). 
The next step is to solve for ihe various mode and weight co

efficients by matching the transverse field components at z =!and 
z = ! + 2t, thereby obtaining D(a) and A(a.) in terms of E(a.). Field 
matching is once more carried out at the z == 0 interface for x? b 
and subsequently for x ~ -b. The resulting four equations are Fourier 
tra:csfonned and colllhined to yield the followj_ng relationships: 

b(l+o;)o~ = ifE(s~) R'(:'IT) (3) 

irnE(y)R'"(y)e-jyb + 1""E'(a)[R'(a) - ~] da. 
~ - n E;: + n ' 

0 

(4) 

together with two companion relationships giving the coefficients B 
s 

and weight function C(y) in terms of an integral relationship in-
volving E(a). In equations (2) and (3) we have written 
E'(a) = a sin (a.b) E(a), R'(a) = R(a) exp(s!) and Q'(a) = Q(a) exp(-~l). 
The quotients 1/R(a) and Q(a)/R(o) are respectively the transmission 
and reflection coefficients for a uniform plane wave incident onto 
the dielectric or plasma slab at an angle given by 0 = sin-1 (o/k ). 
Equations (3) and (4) represent a homoge.c.eous integral equation ° 
for E(a) and a requirement that E(a) take on certain specified values 
at a= srr/b (s • 09 1 9 2, ..... ). 
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The above formulation is exact, and for the limiting case when 
K = 1, an exact solution for E(a) can be constructed using the 
function-theoretic technique. 

Modified Method of Solution 

The solution of (3) and (4) for E(a) by the modified function
tHeoretic technique is accomplished by the c~nstruction of a 
meromorphic function F(w) of a complex variable w, which has a certain 
pole-zero configuration, and specified branch singularities. 
Integrations in the complex plane yield results which, when compared 
with (3) and (4) and the companton relations for B and C(y), give 
the required solutions and the normalization condi~ion. These are: 

and 

F(-Ss) = -b(-1) 5 6 (l+c0 )B s s s 

F(~) = ~~R'(a)ejabE(a) 

Q""(y) 
F(n)R'(y) + F(-n) = TTnC(y) 

(5) 

(6) 

(7) 

(8) 

The function F(~) may be factored into the form F(w) = F1 (w) T(w) , 
where F1(w) represents that function employed in the solution 0£ the 
canonical problem (Mi.ttra and Bates, 1965), and T(w) represents the 
departure from the canonical function due to the pr~ence of the slab. 
The preceeding integrations and comparisons together Yi.th the factored 
form of F(w) yield an auxiliary integral relationship 

T(w) = 1 + J A (z) T(z) dz 
w-13 w + z 

(9) 

p 0 

Equation (9) is not very convenient for numerical methods of solution 
when w is on the path o due to the singular nature of the partial 
kernel A(z), which has poles on cr due to the surface 100des excited 
within the dielectric slab. However, the path cr may be deformed to 
say o .. on which the integrand of (9) is wholly analytic. Numerica1 
methods are now employed together with a process of analytic continu
ation, and the required values T(w) and T(-w) obtained. 

The near fields may be obtained from the modal expansion in 
region B or from the Fourier transfor.!l.S in the o:c,en regions. The 
radiation fields are obtained directly from the spectral weight 
coefficients by employing the method of sadcile point integration 
(Collin,. 1960). '!he surface modes may be obtained from the resid-..:es 
of the integrand in the transform representation in region A. 
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• F~nally, the function T(w) may be solved for exactly as 
lwl-+<» and shown to satisfy the edge condition (Meixner, 1954). Such 
consistency is usually difficult if not impossible to demonstrate when 
other methods are employed. 
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90° 

(c) (d) 

Figure 2. Radiation patterns for (a) canonic.al problem with 
b = .161.

0
; (b) b = .16.t\

0
, K = 2, 2t = J\

0
/2, ,e_ = O; (c) b = .16.t\

0
, 

K = 2, 2t = A0 /4; l = A0 /4; (d) b = .16A0 , K = -2, 2t = A0 /2. 
l = 0. The free space wavelength is A0 • 

Table 1. The d:i.stribution of scattered power into the various 
regions, normalized to one watt incident in TEM mode. 

TEM SUEFACE 
MODE MmFS 

N 
p A WATTS ::·· 'tu' PB PE Pc e::: 

~
·, ::, 

WATTS 'R:ATTS 'W.ATI'S c.!) ..., 
1 i:... 

(a) .135 .691 -182 

(b) .154 .678 .092 

1/4 7 

(c) .157 .606 .111 Y. 
(d) .975 .Uxl0-3 .025 

. . 
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Metallic and Dielectric Antennas in Conducting Media ( +) 

Giorgio Franceschetti ( ++) 
0 • E Co • G T -· • al ( tt) • Eu.cci, . rt:i., • J.Atmir 

Abstract 

The input resistance and the e:f'f'ective heigl:rt of several an- . 
tezmas are can.pa.ted in the limiting static ca.se,f'or a gap-type ex 
cita:tion 11 and for an unbounded surrounding :inedium; and then for 
a se:mi-in:ri.nite, two-la:y-er,: medium.. The system. equation is also 
computed. Experiments on mode1s completely- con:rirmed theoretical. 
deductions. 

i. StBtem.em; of the problem.. 
For the reception of electran.ag:netic waves by means of bu

ried or submerged antennas it is rather obvious that metallic an 
temias { e. &• 'two cl.osel.y spaced metallic plates) can collect the 
current indUced in the conductive medium. by the propagating fiel.d; 
and that dielectric antennas {e.g., an ellipsoidal cavity) can 
be used to detect the internal. enhanced electric field. Du.al rea
sonings ap_pl:y' for the case of' transmitting antennas. 

The antenna's characteristics, i.e. the input impedance and 
the effective heigth, will be obviously depende:n:t on the antenna 
itsel.f' and on the used f'requency, as wel.l. as on the external con 
ductivity-, medium inbam.ogenezieities and stra:tif'ice:tion, etc. -

In order to get general resul.ts, sane kind of' schem.atization 
is therefore necesS&r7. Since the used frequencies are general.l.y 
very- lov, it sel!!IIIS to be com-enient to devel.op the simple: static 
case. 

Theoretical. results of' our com.putations were conf'i:rmed by
means of' exper:imeuts on models into at~ The disturbancies,.in
troduced by the boundaries o:r the tank, were minimized by' using 
metallic and diel.ectric. waJ.l.s al.te:rnativel.y, and then properl.7 
processing the measured.:,-·,·:: data. Lack of' space does not al.1ow us 
to gi~ f"llrther detail.s • 

.As long as the ~cal. case is concerned, it is intuitive 
that in the lov fi'equency case, the :input impedance will remain 
practic~ resistive, and eqa.al. 11 as well as the effective hei~, 

(t) Tbi.s vorit. is sponsored by" the Italian Consiglio B'azicmal.e 
liell~ Ricerche. 

(tt} Dept. of' Electrical_ Engineering,, University of Jraples, and 
:Istituto Universitario llanl.e,. llapJ.es,- :Ital'.y'. 
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to those ccmputed in the static approach. 
This part of the prob1em. will be investigated in the near 

future. 

2. Computations in the static case. 
Let t , n be param.eters describing radial and elentiOD co

ordinates respectively, t{,t, n) the potential., a the conductivity 
o:f' the externa.1 medium. 

For the considered m.etall.ic antemias, vbose surf'ace is de-.. 
scribed by t=t0 (see the tabl.e in the next page) 1 we have: 

l - - ' - u2D-1 Ct) - fl a ' 
ti;" .2 .. ~n(4n-l) t 211_1P2D_1(-n) U {to)• 02:n-l.= ~ P2D_1Cn,dn9 

1 2D-l -l. (J.) 
being P( n) the iegendre :f'tmction of :first kind, and ta the applied 
voltage .. 'fhe U' s are suitable functions, describing the radial. de 
pendence ot the field. -

'fhe current injected in:to the medium. is given by: 

- u2n-l {to) Jl hn h♦ 
I= -~a En(4n-l) t2D 1 0 Ct) h 7?2D 1 (~)dn, 

l. - 2D-l. ~ t -
0 

(2) 

being the h I s scale factors. and being the dash derintion in ,t 0 • 

We have, f'or the inpu.t resistance: 

R = .!st, I , (-3) 

being t 0 the applied voltage to the exciting gap. The ef'f'ec:tive 
heigbT. h can be canpu.ted from. the relation: 

:_ 3 - Ul.(t-) I h 
lim. t = 2 •1 n u ( t ) = 2 cose • 
~...... 1 ° 4Tar 

being Ol. related to I via ( _ -3). 
Similar results hold for the case of the dielectric mtenn•s
By- referring to suitable coordil:a.te sy-stems I ve get ( :tor the 

meaning of the numbers see the table), irrespective to the exci
ting gap dimension: 

t.<<L ; (5) 2: R= 2!1 ; h= ~ ; 

l 5: R= 2ioi" ; h= 2L ; l.<<L • { 6) 

For the other cases, wheu the exciting gap is assmned to be 
infinitesimal., we get frcllL ( 2 ).; being K a known constant: 

!a.:n-1 ( ]2 u2n.-1Ctol 
I-= -,ro t 0 K ID (2D-l)' P2n(o) tJ Ct ) • (7) 

1 2D-1 0 

Since, BS1JD.ptc,t.ical.q :ror ·n>>l, [P~(o)]2 behaves as 1/n, 
and U~_1 /U211_1 as -n. the series (7) diverges • 

. ;_,-•~-------------------------------------------
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CONSIDERED ANTENNAS 

I 

I <D 
I 

~ ~. c-----t---•I -0, +· 
.J - - - ------1-1----

1 I 
I I 
I 2L L .,. =, 

Oblate metal.lie antenna 

-----r 

~ ___ J_ 
Spherical metau.ic antenna 

r-
2L 2s f 

L_ 

@ 
--122 

Moore's antenna 

--f 
2d 

---------~ - J - .t I I : T I 

Oblate die'lectric ~tenna 

ProJ.a.te metallic entemia 

Strip metal.lie antenna 
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On the contr&ry:i, assuming the gap_ finite, even if' sm.aJ.1,and 
letting n the vaJ.ue of' n corresponding to s,. by means of' elabora-
te ccmputations it is possible to transf'om. ( 7) as ·follows: 1 [ 

U' . - U' 
I= -,res to K E 3n-l 2 [P (o}]2 2n-1 + !. I L s1.n 4nn 2n-l 

1n n(2n-l.) 2n u2c.-l 1T 1n Il2 4nn u2n-1. 

(8) 
By using the asy.m.ptotic ,expressions f'or U2n-J. and U2n-1.J ( 6) 

c:an· be· summed (the f'irst one in ter.ms of the =mergeometric 
function) and ve get( £'or the meaning of' the num.bers:io see the ta-

ble) :{Rh = 3;aL 

J.: 
2L 

=3 

l 
.. 4 ci d "J 
ll+ 3rr in~+ 3f;J 

1 
5 d 2 2 d 

1- T' - + ~- - -) 
4 L 3 11' L 

J. 
1 + J. n- L 

11' '""'-1. 4S 
1 

{
R=,r2:L l l + ~ (J.+ 4 !n L ) 

4: L ~ 6 
1 

h = ----
Rn 2L J.+ 3d(J.+ 4 in L ) 

-'I. L 3,r 1i:i 

; 

(9) 

; 

; 

(l.O) 

; 

(ll) 

Eqs. ( 9 through ll) shov· the proper logaritbmic singularity,. 
as it should be expected. 

In the case of strip-type antennas:io L>>d. 9 by applying the 
Schlfart z~f'M. transf'or.ma.tion for L-ta>; we get : 

{
R = - • 4 4 l d tJ 

6: raLll+ -;z (l+ ir !.) 1n d 

h=.!±£. l +d 
'If J.+ ··4 (l.+ !, d) 1n ,! 

'.;'!' ,r 1 d 

i 

Fram a practical point of view~ it should be remarked that 
the veight of the logaritl:mic. term can be lowered. 9 by i.:o.serting 9 

betveer:. -':.he exciting gap.,a thin insulating l.ayer:'», s3:i~ly pr-o
trading tovards the conducting medium.~ 

Tbe sy-stem. equation bet-ween tvo identical ma:tched antennas 
can be cast under the following :f'oi:m.: 

.,_, 

, 
·-· / 

; 
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L 6 
=a(-) r ; 

where, negl.ecting the logarit:bmic·.ter.;i,ve have: 

l 2 3 4 

0.028 
1 2. 

1.26 0.22 0.067(L) 
b:J.2 ~ 

d 

(12) 

5 6 

4(!)2 
L 

0.01.(i)4 

AJ.though the compa.ris_i:m . between so different antennas is dif' 
f'icw.t, the spherical antenna seems to be very promising. -

In· .. the more realistic case ot a semi-in:tinite two-1ay-er:~ me
dimi.9 (the externa1 of' conductiTity •'<a) it can be shows that 9 in • 
pratical. cases, the expressions,...ror the resistance are still valid, 
those for the ef'f'ective heilltb.t lIIU.st be :mul.tip1ied for a/a' and the 
system equations f'or ( er/a' )Ii (therefore obtaining a consistent in
crease of the field). 

The above resul.ts are deduced by the analysis of' the antenna 
immersed lllto a shell. of' conductivity cr 9 whil.e the outer medium is 
of conductivity cr': even for small. dimensions of' the shell, the in- . 
put resistance of the antenna remains equ.al to that of' the same an 
tenna immersed i.nt'O_ a homogeneous medium of' conductivity- cr; vhil.e
the e:ttective height equ.aJ.s that of the same antenna imo.ersed into 
the homogeneous medium of conductivity a'. The increase of the ef
fective heigh't can be computed by applying the ilnage theory~ 

I 

; i 
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RADIATION FROM A SEMI-INFINITE DIELECTRIC-COATED 
SPHERICALLY TIPPED PERFECTLY CONDUCTING CONE 

(Mrs.) Rajeswari Chatterjee 
Department of Electrical Com.munication Engineering 

Indian Institute of Science. Bangalore 12, India. 

Abstract 

The solution to the problem of electromagnetic 
radiation from a semi-infinite dielectric -coated 
spherically tipped perfectly conducting cone excited 
by delta-function sources has been obtained by using 
the orthogonal properties of Sonunerfeld1 s spherical 
Hankel wave functions of complex order. The possi
bility of radiation of the symm.etric as well as UD.

symmetrlc TM, TE and hybrid waves from such a 
structure is discussed. 

l. Introduction 

Radiation and scattering of electromagnetic waves by a per
fectly conducting cone have been studied by many authors (Bailin 
and Silver, 1956; Felsen, 1957; Adachi, et al. 19 59; Wait, 1969). 
The exact solution for the proble:cn of elect::-o~a.gnetic radiation 
from. a circularly symmetric slot on the conductillg surface of a 
semi-infinite dielectric-coated spherically tipped conducting cone 
has been obtained by Yeh (1964) for the synim.etric TM wave. 
Closely related problems have also been discussed by Wait (1969). 
The possibility of radiation of the synunetric as well as un
synunetric TM, TE and hybrid waves from such a structure is 
discussed here. 

z. Formulation 

The geometry of the structure is given in Fig. 1. Spherical 
coordinates (r, 8,(/,) are used, with the vertex of the cone taken 
at the origin. To elixninate the singularity at the vertex, a sm.all 
perfectly conducting spherical boss of radius •a•. with its center 
at the origin is situated at the tip of the cone. 

--------:--------------------------...-,.~ 
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l)IELEC.TR.IC. 
C.OATIIJG (J.l1,e. 1 ,0j =o) 

CONl>UC.TOlt (c- = c,o) C.ONC>UCTING SPHERICAL 

e.oss oF RAP1us •a.\ 

Dielectric medium ( f~ • €~ 0-2., • 0 ) 

Fig. 1 - The geometry of .:be structure. 

The excitation of tb.e structure is by means of a radial electric 
fi:i-.,eld. delta-function source at r = r 1 for TM waves, a radial 
magnetic field delta-function source at r = r 1 for TE waves, and 
a combination of these two sources for hybrid waves. 

3. Hybrid Waves 

The components E , E 0 , Edi and H , H 0 • H'A of the 
electric and magnetic ffelds inside and oulside the dielectric coat
ing are assumed to be a superposition of the field components of 
the TM and TE waves. The field components of TM and those of 
TE waves consist of an infinite number of term~ which are solutions 
of the wave equation in spherical polar coordinates. 

Applying the boundary conditions that Eq, and Ee must 
vanish at r = a it&, found that th(l)°rder n of the spherical 
Hankel functions h (:ki r) and h (kz r) can assume an infinite 
nw:nber of discretencomplex valuef' n and n respectively for 
TM waves and n:_,, and ~ respectiv~y for µ. TE waves, where 

(L1 being the angular frequency. The nUinbers nv and Dµ. are re
spectively the roots of the equations 

ddr [r h~l) (k1 r)] = 0 (1) 
r =a 

-------------------------------------------
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and n~ and n~ are respectively the roots of the equations 

h (1) (lei a) 
. n 

h(l) (k a) 
n z 

= a 

= 0 

(2) 

(3) 

(4) 

The radial electric field delta-function source and the radial mag
netic field delta-function source at 8 = 8 used for the excitation 
are given by 

0 

·wt 
= E d(ri) eJ cos (mf) 

0 

1 I m (1) m jwt = - L n (n +l) h (ki r).c' (cos8) cos (mcp) e 
r n vv n n o 

n V V V 
V (5) 

(expanding in terms of Somm.erfeld' s {1964) complex-order wave 
functions) where» 

Lm. 
n 

V 

= 
(1) 

E r1 k1 h.il Cki r1 ) 
0 V 

n {n + I) J?m. (cos 9) N {k:i_ a) 
v v n o n 

V V 

CII 

Nn {!ti a) = S [ h~} (ki r) ]
2 

d (ki r) 
V kia V 

d(r1 ) = delta-function source 

and Happ = H d{r1 ) exp (j Wt) sin mt/, 
r o 

(6) 

(7) 

(8) 

(9) 

whic:t. can also be expanded in terms of the co:r:nplex-order wave 
functions. 
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Applying the boundary conditions that the tangential components 
Er, Ecp. Hr, and Hq, are continuous at 8 = 8i I by equating the 
applied electric and magnetic fields E~PP and ~pp to Er and 
Hr respec:tively at 0 = 00 , and by making use of the o-rthogonal 
properties of the spherical Hankel functions. result in an infinite 
nwnber of equations for the solution of the amplitude coefficients 
occurring in the expressions for the field components. 

For the symmetric as well as the unsymmetric waves. there 
result six sets of independent equations for six sets of unknown 
coefficients, and hence it is possible tu have a unique sol-ition. 

4. TE and TM Waves 

Proceedb::i.g in a .similar manner to that of hybrid waves. it 
can be shown for both unsymmetric TM a:cd TE waves, there re
sult four sets of independent equations for three sets of unknown 
coefficients, while for both sym.metric TM and TE waves, there 
are three sets of independent equations for three sets of unknown 
coefficients. This shows that there is a unique solution for the 
field components only for the sym..metric TE and TM modes and 
none for the unsynunetric modes. 

5 .. Conclusion 

It has been show.n that a semi-infinite dielectric-coated 
spherically tipped perfectly conducting cone can radiate only the 
syxnmetric TE and TM modes, but can radiate both the synimetric 
and unsynunetric hybrid modes. 
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ELECTROMAGNETIC COUPLING OF HORIZONTAL 
LOOPS OVER A STRATIFIED GROUND 

Herbert Kurss 

Institute £or Telecommunication Sciences, ESSA 
Boulder, Colorado 8030Z 

and 

Departm.ent of Matheznatics, Adelphi University, 
Garden City, N. Y. 11530, USA 

Abstract. The primary and secondary fields due to a thin 
horizontal circular loop of uniform current over a strat
ified ground are found as the superposition of cylindrical 
modes. The voltage induced in a second horizontal cir
cular loop is then expressed as a single definite integral. 
These results are shown to generalize a..:nd uni£y related 
results of Slichter, Havelock, Foster, and Wait. 

This paper was :cnotivated by a need to measure the electrical 
properties of the ground at frequencies in the range of 1 MHz. 
With this in mind, it was dee:m.ed desirable to develop for:m.ulae 
for the self and mutual iznpedance of loops close to the ground. 
This goal is achieved here for horizontal circular loops over a 
vertically stratified ground. The:,·,pri:ma.ry loop current is 
as sum.ed to have no angular variation (the angle being m.easured 
fro:r::n the center of the loop). This is quite reasonable at 1 MHz, 
since the free space wavelength of 300 :m. is then large compared 
with the size of any physical loop. 

In free space the electro:magnetic field of a circular loop of 
radius a centered at the origin and with a uniform current I can 
be expressed in terms of a vector potential which has only a 
¢-component. If A denotes this component then 

A= .c:.=. Ual I= 
2. 0 

where 

J1 (ta) J1 (tp) exp(-1, )z l}tdt 

'\ 

(1) 

• F 

-------------------------------..-~.,.-,; 



-43-

and 
k8 = w3µ.c;: . 

. Variants of (1) have been given by Slichter (1933) • Wait (1954), 
and others. 

In the absence of a ground the 1nutual impedance, Z1 , between 
the above loop and a second horizontal loop of radius b and center
ed at z = -d, p = c, cp = 1T is then shown to be 

I m ~t 
Z1 = j wµ:rr ab 

O 
J 1 (ta} J 1 (tb) J O (tc} exp( -u1 d) ~ . (2) 

The static limit of (2) for co-axial loops, Le. , u1 = t and 
c = o, was derived by Havelock (1908}. The resistive component 
of (2) for coincident loops. i.e. , c = d = o and a= b, was derived 
by Foster (1944). 

The effect of the ground at z = -h, with h> d, is to add to Z 
l 

an additional i.m.pedance 

m tdt 
~ = jWµ.7Tab t R(t) J 1 (ta) .J1 (tb) J 0 (tc)exp(-u1 (2h-d) )~ (3) 

where R(t) is the reflection coefficient of the ground. In. paxtic
ular, if the ground is homogeneous 

where 

and k2 is the propagation constant of the ground. 

A particularly important special case of (3) and (4) is when 
the loops coincide (so that a= b and c = d = o) and when k is 
small compared with I~ I (so that it is a good approximation to 
set 1-¼. = t). Separating (3) into its resistive and reactive compo
nents one then obtains 
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R ==- - wµ:rra2 J °" 1m_ ( t - ~) J 2 (ta) exp {-Zht) dt 
2 0 t+'l\i l 

In all of the above formulae the replacement of J (ta) by 
l 

the first term of its small argument expansion, i.e. , 

J 1 (ta) =- ta/2, 

simply corresponds to the customary dipole appro.x:imation of 
a loop. 
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QUASI-STATIC FIELDS OF SUBSURFACE HORIZONTAL 
ELECTRIC ANTENNAS 

Peter R. Bannister 

u. s. Navy Underwater Sound Iaboratcry, New London, Conn. 06320 

Abstract: The \horizontal electric f'ielo. compo:.ents :produced 
by a horizontal electric dipole (BED) anteuc.a, located at or 
below the surface of a plane, conducting., homogeneous ea.rth 
are presented for the quasi-static i-ange. Expressions !or 
the field components produced. by a finite length hor.._zontal. 
electric antenna., which bave been derived by employin~ image 
theory, are also presented. 

l. Introduction 

Interest in the determ1nation of" the quasi-static fields 
of antennas located wi tb1.n or above a pl.ane, conducting, 
hcmogeneous earth has increasea. in recent years. (lil the 
quasi-static range, the measuremerit distance is much less 
than a tree-space wavelength but comparable to ac. earth skin 
depth -~-=i.!_2/co 1,1o ~)1r- ,.J Quasi-static f'ie1ds a.re utilized in 
the indu.c'tion methods of geophysical prospecting, which are 
discussed in considerable detail by Keller and Frischknecht 
(1966) and Vaeya.n (1967). They are also employed :!.n determiniDg 
the coupling between power lines and other nearby circuits, and 
for low-frequency, short-range, radio propagation p~oses. 

In secti0ll. 2., the field-component expressions are presented f'or 
the s1tuati00 in which b.otb the HED and the receiving antenna 
are located beJ.ow the earth's surface (h a.c.d z < 0). 'When the 
BED is buried and tbe receivil:::lg antell.Il& is elevated,.the result
ing integrals caonot be expressed conveniently in closed f'orm 
(:Bamlister, 1967). However, if' the depth of' burial is sma.11 
ccmpared. to & , image theory may be employed. T'ne 1maee theory 
resul.ts f'or a :finite l.ength, horizontal el.ectric antenna. are 
presented in section 3. 

2. BED Fiel.d-Component Expressions for the Subsurface 
to Su.bsurface Propagation Case 

The RED, of 1.nf'in:Ltesimal. l.ength dl, is oriented in the x 
direction and is situated at depth ·h (h (C) with :-espect to 
a cylindrical coordinate system (p. cf,. z ) • The eartb occupies 
the l.over bal:f-space (z (0) and the air occupies the upper 
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half-space (z)O). MKS units are employed and a suppressed 
time factor of el'" 1 is S.SSU!J'.ed. 

The complicated field-component expressions for the RED 
subsurface to subsurface propagation case may be derived by ' 
fellowing the procedure outlined by We.it (1961). For 
e:x:.a.mple, the horizontal electric field-component expressions 
a.re given by 

(3 + 3 R + ··R,~>}+ yR1 ([ 2 - 3(z+hP] S+_<z+h)f 2 _ 3(z+h.F/ 
Y 1 r • ~ Rl~ R1 l R1= (2) 

+ y2 p: ] S- + y (z + h) ( T+ + S ~ 1;-) }] ; 

/wh;~;; _s•-~rpx~-~ IJ.~o~s"; rj{-I1K:; T+=-I~K~;~~!T-;: I1K~i;K~, -
- ------- -- - - ----=-=-~~ 

Corr.puting nume~ical results foz- the subst!rf'ace to 
subsurf's.ce field-component expressions is a lengthy and 
complicated process, but some results bave been obtai.:led. 
O::o.e method of obtaining D.U!!lerical results has recently 
been discussed by Atzinger, Per-_sa, and Pigo·::;t (1966). 

When R1 < < ~ , the field-co!"":90D-ent expressions redu.~~ 
to results consiste~t vith pot,.,, ,".;.ial. ·:.:.i~ory. Furthermore 
vhenp>)3 andp)>I ~ + k I, they reduce to previous;t.y derived 
~~~ts~-:------ • • - • - - • • 

/ 



..... 

-47-

3. Image Theory Field Component Expressions for a Finite 
length Horizontal Electric AntenDS. 

It is well knOWll that the f'ields produced by a current 
carrying w:ire, when placed at height h over a per1'ectly 
conducting earth, may be rep:-esented by the combined fiel.ds 
of the Wire and its image. If' the finitel.y conducting earth 
is replaced vi.th a perfectly conducti~.g earth, standard iill8Be 
theory may be used to 1ocate the antenna image depth. Bal.1, 
Maxwell., and Watt ( 1966) have shovn that vhen h. < < l> i, the 
(com.pl~) image depth d for the law frequency case is equal. 
to ·• (2/y) -·sc.i - i)_ , where ld.J= 1a, 3. Haber land ( 1926) arrived 
at ·an approximate expression for d when he was determir..ing 
the mutua1 inducta.r::.c:e betveen two si:ogle-wire lines with 
earth return. Haberland's result ( ldle.1..18 I-la 8. ), is 
very simil.ar to Ball, Maxwell., and Watt's result. 

By employing Ampere's law, the approximate expressions 
for the fie1d components produced by a finite 1ength hori
zonta1 electric antenna. for the surface to air propagation 
case (h=,O~zt 0) may be expressed as 

. H ~ ..!_,{ (z + d) U:11: + L/2) _ (:a: - L/2fl _ 
2 

z 
2 

fls: + L/2) _ b:: - L/2)] 

, Y 4,, [y 2 +(z+d)2l[ Ru Ru ] (y +z >l R21 R22 

(:a: - L/2) [z + d z J (:ii: + L/2) [z -t- d z ] } 
- [y2 -t- <z - L/2)2] R12 - R2;,:f [y 2 +(:a::+ L/2)2) [ Ru - R2;J 

\(4) 
I 

\(5)l 
, I 

\ (7) 
I 
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and 

where R 11 = [(:s: + L/2} 2 + y 2 + (z + d) 2 ]1o!i R 21 = [(x + L/2) 2 + y 2 + 2 2J½ 

R 12 = [(x -·L/2} 2 + y 2 + (z + d) 2f'~ R 22 = [{x - L/2) 2 + y 2 + z 2]Y.i 

d =(2/y)=o(l-.i) 

These expressions are al.so valid for the subsurface to 
air pro~ation case when the source is buried at sha.J..low 
depths (i.e.,lhl<< b' ). To. these expressions when z 
appears along (i.e. , not a.s z+d), z must be replaced by 
z + I.hi 

When z = 0 and either x or y = 0, the magnetic f'ield- : 
component expressions (6) - (8) reduce to Ba.lJ., Yaxwell, and 
Watt 1 s results ( 1966). Whe:i the measurement distance is 
~uch greater thari the source length L, the above equations 

·{3) - (8) reduce to the image theory IDID expressions. 
Furthermore, when L is nr.ich greater than the measurement 
distance, they reduce to the i-:na.ge theory horizonta.l line 
source equatio::1s. Moreover, when the mea§_urement distance 
or L is much greater or much less than 'li_ , the image 
theory results are consistent Yith the analytical results. 

As a :further exa:::i.ple of' the simplicity of' the imsee 
theory resuJ.ts, consider the expressions for the electric 
field component produced by a long horizontal line source 
f'or the surface to air propagation case. Tb.e a.nalytical 
expression is • ---, 

- • -- - - - I _, --- -

iwµ0I { 11 2(z2-y2) } 
E,.~--2- 2/J [Hl(J:3+)-Yl(,8+)]- 2 4 + : [H1(J:U-Y1(t3_] 1(9) 

1'J' + y r 2,_._ , 

where .H. (/3 ) :i.s the stru..,,;e function of ord~ one,Y 1 (/3) 
is the Bessel f'unction of the sec~d kind of ore.er one, 
and- -p; ~~y(z ± iy). 

r The image the0=9- result for this case is . - --

(10) 

•. 
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A comparison of' (9) and (10) reveals that the image 
theory result is in very good agreement vith the ana.J..ytical 
result throughout the quasi-static range. 

Image theory ca.y also be employed when the height h of' 
the so1."T ce a.bove the earth is not much less than & For 
this case, the image depth is not d but dfh. 

It is the author's opinion that i!Il8.ge theory can be 
extended to include many other cases of quasi-static rari..ge 
propagation and thus provide resuJ.ts (of' simple f'orm) even 
for cases in vhich the field components cannot be expressed 
in closed ~orm a.na.lyticaJ.ly. 
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MAGNETIC FIELD EXCITED BY A LONG 
HORIZONTAL WIRE ANTENNA NEAR THE EARTH'S SURFACE 

David B. Large and Lawrence Ball 

Georesearch Laboratory 
Westinghouse Electric Corporation 

Boulder. Colorado 

ABSTRACT 

The problem considered is the calculation of the magnetic 
field excited by a horizontal line source of electric current placed 
upon or near the earth 1 s surface. The length of the line is arbi
trary. but emphasis is placed upon observer ranges at which 
ionospheric effects may be neglected, and which are of the order 
of. or less than, a free-space wavelength. The approach to the 
problem is partially analytical and partially nu:merical, and 
represents an assimilation of recent results obtained by Wait 
and Bannister for infi.D.itesunal dipoles and infinite lines. Some 
numerical results for long lines operating at iO, 300, and 1., 000 
Hz are presented, and some of the differences between these 
solutions and the corresponding dipole and infinite-line solutions 
are illustrated. 

~--------- ---- --~ ------ -------------------
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The electromagnetic field excited by a long, horizontal 
wire antenna (HWA) placed upon or near the earth's surface has 
application in several problem.s of geophysics. The frequencies 
normally range between ten and a few thousand Hertz. The 
research discussed in this paper was instigated to develop the 
capability of predicting the total magnetic field excited by a HWA 
of arbitrary length placed upon or near a homogeneous earth of 
arbitrary conductivity. with the observer being unrestricted in 
range and azimuth. The frequencies considered fall between 10 
and 2,000 Hz, and an extensive set of calculations for a 30 km. 
HWA operating at 10, 300, and i, 000 Hz have been carried out. 
The analysis is computer oriented, with the field components 
often being obtained by numerical integration of the dipole ex
pressions developed over the past ten years by Wait {i961) and 
Bannister (1966, 1967} . 

.AIJ.. example calculation of the radial magnetic field com
ponent excited by a 30 km HWA is shown in Figure 1. in which p 
is the range to the center of the line, and cp is the observer's 
azilnuth m.easured from the antenna axis, and the amplitude scale 
is in decibels relative to 1 am.p/rn. In. addition to the results for 
long antennas with the observer being on the ground, calculations 
have been carried out for observation points above the ground, 
and for elevated antei:nas. Tl:.ese results have been used to 
develo::, simple criteria for determining when the height of the 
antenna above ground niay be neglected, as well as fo:r determin
ing at what ranges a line source will appear effectively infinite 
in length. One interesting conclusion relative to the latter cri
teria is that. under certain circum.stances, a long HWA may 
never appear effectively infinite, no matter how close the 
observer znoves to the line. 

Figure 2 is an exam.ple of a second set of calculations 
which compare the magnetic field components excited by finite 
length amemia.s, infinitely long antem::i.as. and infinitesim.al dipoles. 
In this figure. the observer is broadside to the source (cp = 90 .. }, 
and the range p is measured relative to an origin at the center 
of the Z, 000 zn antenna. Results of tbis type have been used to 
develop sunple criteria for determining at what m:inun.um. range 
a given HWA may be adequately represented as a point (dipole) 
source. 

I 
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NUMERICAL ANALYSIS OF AIRCRAFT ANTENNAS by E. K. Miller, 
J.B. Morton, G. M. Pjerrou, & B. J. Max.um, MBAssociates, San Ramon, 
California l 

ABSTRACT. A numerical method for predicting the per!'ormance of an 
antellila on an aircraft is discussed. The basic features of the approach, 
which is based on a collocation solution to the thin-wire integral equa
tion, are described. Several nwne rical examples, including the radia
tion pattern for the OH-6A helicopter, are presented. 

L INTRODUCTION. Evaluating the performance of anter;nas oc an irreg
ularly shaped conducting body such as an airdraft is now done almost ex
clusively by experunentation. Models are used for experimental antenna 
measurements, but because discrepancies may arise, final evaluation 
often requires use of the actual aircraft. 

A reliable analytic method for the parametric study of antenna per
formance would be an important aid to experimentation, allowing con
centration of measurements on the most fruitful areas. The numerical 
approach used here employs the thin-wire approximation to the electric 
field integral equation, since this equation can be used both for thin 
wire structures and solid surfaces modeled by thin wire grids (Richmond, 
1966). The integral equation is solved by collocation usicg sinusoidal 
interpolation to expand the current on each stru<.ture segment (Mei, 1965). 
The interpolatio.c requires two extra consta::its, which are found by a cur
l'ent-matching tech.cique, while tb.e required numerical integration uses 
the Romberg variable interval width technique (Miller and Burke, 1969}, 
and the Gauss-Doolittle method is used to solve the linear system. For 
large systems, the original structure matrix and its inverse are stored 
on tape for later re-use. The technique is restricted to str"Uctures a 
few square wavelengths in surface area, but coc.tinued progress both in 
nuznerical methods a.cd computer developme.ct will extend its application 
to larger, more complex structur~s. 

Il. NUMERICAL RESULTS. In Figure 1 is shown the backscatter radar 
cross sectio:.:i (RCS) of two coaxia.1-coplanar rings for axial i.ccidence as 
a functio.c of the outer ring circun'lference-to-wavelengtb ratio. Exper
unental data taken on the MBA Rail Line Range is shown, together with 
computed results found by the thin-wire approach and by modeling the 
ri.cgs with 16-sided regular polygons. The calculated RCS values cor
rectly predict the antiresonance. 

In Figure 2 is shown an experimental-numerical comparison of the 
backscatter RCS of a 14. 57A straight wire as ·a function of the angle of 
the wave incid~:::.~--= measured fl'om .. norma.l to the wire. The wire was 
modeled with 100 segme.cts, or about 7 segments per wavelength. (Ex
tensive experience shows that 6 segm.e.cts per wavelength provides an 
accurate nume:-ical result, although the best segmentation for efficie:::icy 
and accuracy is struct.ire-dependent.) Experi.m.ent and theory agree well, 
even to RCS values 40 dB below the broadside maximum. 

Application of the numerical method to radiation problems is shown 
in Figure 3, where the element power distribution and radiation patterns 
of a 12-elem.ent log-periodic dipole antenna array are shown. The suc
cessive array ele?nents increase in size by L 07 a.nd are separated by 0. 7 
of the longer element length, with the longest ele_;,1.ent 0. 645611. long. The 
MBA num.erical results agree well with the results of CheOllg and King 
(1968). 

·' 

• 
1 . 
i 
i 
! ~ 

j -~ ., 
{ 
• j 
j 
1 

i .. 
I 
j 

·j 

1 ·i 

l ., 
l 
◄ 
l 
j 
i 
; 
~ 
1 

1 
' ~-

l 
l1 

I 

I 

I 



• 
• 

!--
'!, 

-~--.. 

• E.XPERl MEKTAL (RAIL LlllE) 
- NUMERl CAL (IIIIA C011PUTER PROGRAl'I) 
s/a 0.03 (BOTII RlrlGS) 
•ita2 • 1.2s 

® I 

LI Lt Lo LI 

.• 
FIGURE l 

.. 
.. 
• 

... 
. . ... 

• ~UMERICAL COMPUTATIONS (SRACT) 
- EXPERIMENTAL MEASUREMENTS (SIGMA 

INCORPOJIATEll REFLECTIVITY RANGE ' 

WIRE RADIUS SO. • 0.035 
~IRE LENGTH Ul. • 14.~7 __ • 

,(, 
fl 

·-.~--... ,.--~ .. ~-... ---.. -----.'----......... - .......... --... _--_,_ 
AIIGL~ FIIO! dllOADSID£ tl (DEG) 

FIGURE 2 

,Using the thin-wire integral equation to study the aircraft-antenoa 
com.bination requires modeling a solid, possibly curved. conducting sur
face by a wire grid. A parallel experime?:1.tal-n\Ul'lerical study was car
ried out to determine the modeling criteria. The conclus~on of this study 
was that a flat wire grid with openings less than 1/8>.. per side adequate
ly modeled (within 1 dB) the RCS of a solid conducting surfa.:-e. A simi
lar study determined that a circular rin2 1 >.. in circumference is mod-
eled to within 1 dB by a :regular polygon of equa.l perimeter with sides of ' 
length less than '>../6. 
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A wire-grid :model of an ·oH-6A U.S. Army helicopter was then 
developed, using Z02 wi:i:-e seg1nents, to provide the structure input for 
the nw:neri~l calculatio'.tls. A ::cnaximuni of ZOS segments is available on 
the present computer ·without ove:-laying. A compute?'-drawn side view 
of the model and a scale drawing of the actual helicopter are shown in 
Figure 4. The primary interest here is antenna. pattern prediction for 
the frequency r~ge 30 to _70 :MHz; the heli<:opter (actua.1 length Z3 ft) is 
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about 0. 7 to 2 ;i, long. The average segment length varieE: !'rom 0. 047 to 
O. 11 ). over this range, while t..l-ie wire thickness (which conforms to the 
windshield cross-brace size) varie~ froni. O. 0011 to O. 0025 :i... 

The towel-bar homing antenna has been considered in the calcula
tions. This antenna is a die.i'e-c:tric-sheathed. U-shaped metal rod driven 
alternately against the aircraft fa·a1ne at one end with a matching imped
ance connected to the f:rame at 1:,he other. This generates two asyn:unet
ric patterns about the aircraft axis whose cross-over points are. ideally, 
axially aligned and serve to orient the aircraft relative to a homing radio 
transmitter. The horizon:al portion of the towel bar, together with its 
image in the aircraft fraine (these are self-cancellic.g). form a transmis
sion line connecting the two vertical arms which are the effective radia
tors. The towel bar can be considered as two monopole ante:inas driven 
against the aircraft frame by voltages differing in phase by the electrical 
separation oi the vertical arms plus a 180° phase shift (to account for the 
oppositely-directed arm curre:c.~s). 

The parallel electric field intensity in the plane perpendicular to the 
midpoint of two half-wave dipoles separated by ">../4 and driven 90° out of 
phase is shown in Figure 5. Also shown are corresponding results for 
a two-wire transmission line model of the towel bar. This model con
sists of a U-shaped two-wire line with a center section 0. 25}.. long driv
en by a i:natched impedance generator at one end and terminated in a 
Inatched impedance at the other, with gaps cut in one side of the line of 
each of the vertical arms. Both of these antennas are reasonable models 
of the corresponding monopoles and actual towel bar in the presence of 
the helicopter ground plane. Since their patterns are very simi.la.r, the 
monopole antenna and the towel bar are concluded to be equivalent. 

Figure 6 presents a com.parison of experunent.al and numerical re
sults for the \rertically polarized re~..,ivi.ng pattern of the OH-6A helicop
ter for a towel bar antenna. syznm.etrically aligned about the aircraft axis 
a~d mounted on th_e top horizon.ta! windshield cross brace. The experimental 
pattern was taken by Collins Radio (Griffee and RobichallX, 1967) using a 
1 /5-scale modelat an equivalent full-scale frequency of 32 MHz, while 
the numerical results were obtained with two monopole antennas equal in 
length to the vertical arms of the towel bar. The numerical pattern is 
the vector difference between the two monopole base currents, phase 
shifted by their electrical separation. The agreement between the two 
patterns is reasonable. although we note that at this frequency the 
helieo.pter is less· than 1 A long. These numerical.results were obta.ined 
by using a. tota! of 205 wire segments. "111"hicb required omitting the finned 
tail section. (9 segments) to gain the necessary 12 segments for the =ono-
poles. r 
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FINITE TUBULAR ANTENNA ABOVE 

A CONDUCTING HALF-SPACE 

by 

David c. Chang 

University of Colorado 

ABSTRACT 

The characteristics of a finite, tubular, vertical 
antenna over an infinite, dissipative half-space is stud
ied. The magnitude, but not the distribution, of the an
tenna current is found to be greatly effected by the 
presence of the dissipative half-space. At certain dis
tances above the half-space, a resonance is observed as 
the input conductance of the antenna reaches its maximum. 

I. Introduction 

The radiation of a dipole ar..tenna in the presence 
of an infinitely-large, imperfectly-conducting half
space has been widely studied since 1909 (for a complete 
listing of references, the reader·. 
is referred to a book by Banos 
[1966] and review papers by 

Wait [1964] and Hansen [1963].) 
Effects of finite groW1d con
ductivity and inhomogeneity are 
known to have great influence 
on wave propagation from and 
the transmitting characteristics 
of infinitesimal Hertzian di
poles of both electric and mag
netic type and were studied ex
tensively. For higher fre-
quency bands, however, the ra
dio source is no longer very 
short both physica1ly or elec
trically. Consequently, the 
treatment of a finite antenna 
instead of an infinitesimal one 
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Fig. l 

is inevitable. Here, we shall present a method to in
vestigate the characteristics of a ~inite, verticai, 
tUQular dipole antenna over a homogeneous, dissipative 
half-space. • 
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2. Formulation and Numerical Solution 

Consider the geometry of a finite, vertical, tub
ular, perfectly-conducting antenna of radius a and 
half-length h, located in the air at a distanced above 
an infinite, dissipative half-space which has a conduc
tivity cr and a permittivity~ (Fig. 1). At the center 
of the antenna, a constant voltage source Vis main
tained across an infinitesimal gap in order to excite 
a current distribution on the antenna surface. From 
what appears in the literature, we know that the 
Hertzian potential in the air region for an infinites
imal, vertical, current element of unit amplitude, lo
cated at a distance z' over the half-space, is 

p(p:z,z') = 

(l) 

; l;l = 120'1Tohm, 

_ larger -
z> - smaller value of (z,z') and az is a unit 
~ 

vector along z-direction, for a time factor exp(-iwt). 
By superposition of all current sources which are uni
formly distributed on the antenna surface, we obtain 
the total Hertzian potential as 

l +h 21r 
1Tz{p,z)a2 = 2 ,r f dz' f d6' Iz(z')p[r(p,0'):z,z'), (2) 

-h 0 

where r(p,8') = (P2 + a 2 ~Pa cos 8 1 ) 112 and I (z') is 
the undeteJ:mi.ned total current distribution on ~e an
tenna surface. Since the boundary condition on the 
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surface requires the tangential electric field to van
ish except at the excitation gap, we have 

d 2 2 Ez(a,z) = (dz 2 + k 1 )nz(a,z) = - Vo(z-d): 
(3) 

-h+d < z :::: h+d. 

The solution of (3) is readily known as 

~z(a,z) = Ci cos k1 z + c2 sin k1 z + V/(2k0 )sin k 1 1z-dl; 

(4) 
-h+d < z ,< h+d. 

Now, comparing (2) with {4) and after some arrange
ments, we can obtain a normalized integral for the un
known current distribution Iz(z): 

2H 
f I ( z) K ( z, z I ) dZ I = 
0 z 

where 

~[C osz+c sinZ+v2sinlZ-Hll: c';· 1 C 2 
1 

(5) 
0 < Z < 2H, 

(6) 

0 ~ arg(yi,Y2) ~ ~, 
and Z = k1 (h+d-z), A= k 1a, H = k 1 h. The two unknown 
constants c1 and c2 _are some comb~nation of Ci and c2 
which can be determined by the end-condition: 
Iz(z=O,H) = O. 

To find the numerical solution of (5), we first 
approximate Iz(Z) by a parabolic function over each 
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small segment u2n~l ~ z ~ u2n+l where Um= ~m-1)6 and 
6 = H/(2N), for n = 1,2 ... 2N. By matching both 
sides of {5) at sample points z = u, K = 1,2, ... 
4N+l, we can obtain 4N+l algebraic fguations. But be
cause the end-condition imposes I(z=U1 ) and I(z=u4N+l> 
to vanish, we have 4N+l unknown, including c1 and 
c2 , in these equations: 

4N+l 
I aK,miz(Um) = i~~v_sinjuK-Hj; 
m=l L 

K = 1,2, ... 4N+l (7) 
,,. 

where I (U1 ) and I (u4N±l) have been redefined as c 1 
and c2 ,zrespectiveiy. H~nce, the value of I at sa.:m.ple 
points are obtained by a matrix inversion. Except for 
m=l and 4N+l, the matrix elements SK mare found to be 
some combination of the following moment functions: 

1 +i (m-1) !:J.A. 
i/1 > (m,s) = i J e g 5 (-iJ../:J.)J~h•iA)d). 

0 
QQ 

+ f e 
0 

-(m-l)/:J.11. (B) 
g (),ll)J2 (A~)dJ..: m=O,l, ... 4N-l 

S 0 

wheres= 1,2,3 and g (x) is some smooth function which 
approaches to 1/). as ~-+-o:>.- Notice that the second inte
grand in both (8) and (9) decays exponentially as A~ 
for m>l a.id is suitable for numerical evaluation. For 
m=l, the second integration should be truncated at J.. , 
where A is the larger value of 20/A and 5/J..!:J.. Leading, 
term incthe integrand from A to~ which contribute to the 
the integral, can be evaluat~ analytically from its 
asymptotic expression. 

3. Discussions 

Fig. 2 shows the total current 0£ a center-fed an
tenna of a = O. l.A and h = 0. 2A , over a wet-earth at 
100 MBz. Due to ~he intrinsic 8haracteristic of the non~ 
physical excitation, the imaginary current becomes in
creasingly capacitive at the feeding point. Away from 
z = O, both the magnitude and the distribution of the 
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total current are effected by the presence of the im
perfectly-conducting ground; the proximity effect seems 
to draw the current to the lower half of the antenna. 
This effect rapidly diminishes as soon as it moves away 
(compared= 0.22A0 and d = 3.0A0 in Fig. 2). However, 
the magnitude of the total current is very sensitive to 
the change of the ground distance: a strong resonance 
seems to have occurred near d - 0.5A0 • 

The input conductances, which equal to the values 
of the real current at the feeding-point for both wet
earth and sea-water are plotted in Fig. 3 as functions 
of the ground distance. We observe that the coupling 
with a highly-conducting sea-water is much greater. In 
both cases, distinct resonances occur - a similar fact 
was observed earlier by Wait [1953] in his study of an 
infinitesimal horizontal loop antenna. At a distance of 
more than three wavelengths away, input conductances in 
both cases converge to the value corresponding to the one 
without a ground. For detailed derivation and discussion 
the reader is referred to a paper by Chang and Wait [1969]. 
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EM PROPAGATION OVER A CONSTANT IMPEDANCE PLANE 

R.J. King 
University of Wisconsin, Madison, 53706 

Abstract: The possibility of exciting a surface wave over a plane 
surface which has an index of refraction comparable to that of 
air is discussed. Such a surface wave can exist if the exciting 
source is sufficiently close to the surface. 

A recent paper by the author [King, 1969] reformulated the Som
merfeld problem of EM propagation over a flat earth using the Com
pensation Theorem. The solution confirmed the results of Norton, 
Hufford. Bremmer, Baiios and others, who assumed the earth-air in
terface was characterized by a large index of refractioo, n. One 
is (erroneously) led to the conclusion that this large index of 
refraction is the mechanism by which surface waves are generated 
and sustained along the surface. Actually, this is a consequence 
of basic assumptions made at the outset of the formulation and it 
is now well recognized that surface waves can propagate over media 
with n:::l if the exciting source launches vaves near grazing inci
dence, e.g., "tree-top" or lateral waves propagating over dense 
vegetation [Tamir, 1967]. This is in agreement with the conclu
sions of the author. There are two basic restrictions to the solu
tion: 

lsin wr + ~r1 2 << 1 and 1:::1<< cos Wr• (1) 

for parallel polarization (TM wave), wbere ~r is the specular angle 
of reflection from the horizontal and ~r (= Zs/n0 ) is the normalized 
surface impedance evaluated at Wr. For perpendicular polarization 
(TE wave), ~r is replaced by·or, the normalized surface admittance. 
Both restrictions are necessary for the solution to sat~sfy the 
wave equation, while only the second is necessary to satisfy the 
boundary conditions at the interface. Nowhere in the solution was 
it found necessary to assu:me 1 << n (= Y1ly 0). Note, however, that 
a large index of refraction is a sufficient but uot a necessary 
condition to satisfy I sin ~r + ~rl 2 << 1 (see tbe previous paper). 
An inspection of the solution shows that the surface wave simply 
does not propagate well if the surface impedance is not small, 
since the leadin~ term of the asymptotic expansion appears in the 
near zone if I t:.rl _:::: 1. For a homogeneous earth, the second condi
tion in (1) is 

Yo 4 µl 2 
sin IP << j .lJ. I 

Yi µo r r 

which is readily satisfied for large 
for small n (= 1 + an), for then (2) 

sin Wr << (2an) 112 , 

(2) 

n. and can also be satisfied 
becomes 

(3) 

I 
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for both TM and TE wa•.-es. It is apparent from (3) that surface 
waves can p~opagate jver media with n~l, provided that the angle 
~r is sufficiently small. The question remains whether this re
striction is a consequence of the formulation used ox whether it 
is nature's way of saying that this condition must exist in order 
to launch a surface wave. 

Since the compensation theorem is essentially a perturbation 
, theorem and a perfectly conducting plane (n:00) was used as the 

unperturbed case, there ~as a possibility that a better solution 
might be obtained using a free-space plane for the unperturbed 
situation. An attenuation function, G, was defined which multi
plied the free space field to account for the presence of the im
pedance plane, and the second formulation was carried through in 
the same way as before to obtain 

(4) 
The angles w1 and w2 are angles of incidence for waves from sources 
1 and 2 at heights hand z, Dis -the direct distance between the di
poles, dis the horizontal projection of D, cos Wd = d/D, and p1 and 
pz are circular cylindrical radii to a general point on the surface. 
The main difference between (4) and the expression for the attenua
tion. ftmction used in the earlier formulation is the presence of 
the sin ip teTII1. This is essentially the same integral formula
ted by H~ford [1952], but he was mi.able to reduce the result to 
correspond to that obtained by Norton [1937]. Although the manipu
lations are somewhat more tedious than the previous case, they are 
essentially the same and one can obtain precisely the same result 
by assuming sin iJJ2 :: z/p.z and ti('t/J1) = ~(T,jJr) itl (4). This is re
assuring since one obtains the same solution of a perturbation 
problem by starting from two extremes--a perfect conductor and a 
free space plane. 
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IEEE Trans. Anteonas,Propagation, 15(6), 806-817. 

Hufford, G.A., (1952), An integral equation approach to the problem 
of wave propagation over an irregular surface, Quart. J. Appl. 
Math., 9, 391-404; also see NBS Rept. CRPL-6-2, Feb. 1951. 

Norton, K.A., (1937), The propagation of radio waves over t:he surface 
of the earth and in the upper atmosphere, 2, Proc. IRE, 25(9), 
1203-1236. 
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ON THE SURFACE IMPEDANCE CONCE-~T 

R.J. King 
University of Wisconsin, Madison, 53706 

Abstract: The generQi application of the surface impedance (ad
mittance) is discussed, and two extreme cases are considered; 
when the scattering medium is a perfect conductor and free 
space. The surface impedance can represent nearly exact boi.m
dary conditions and need not be reciprocal. 

The utility of the surface impedance concept is often ques
tioned because of the doubt as to its exactness and applicability 
to certain problems. To define surface impedance, Zs• let there 
be a uniform plane wave incident upon a homogeneous plane surface 
such that the propagation vector K, makes an angle 1jJ with the sur
face. Then, EtanglHtang=-Zs for parallel polarized (TM) waves, 
while for perpendicular polarized (TE) waves we define a surface 
admittance Ys through HtanglEta.ng=Ys. For~ TM wave in free space 
(with y0 =ik

0
) obliquely incident upon the plane which is entirely 

uomogeneous inside with complex propagation constant Y1, 
y l-11 y 2 2 1/2 

Z = 11.,- __o_ - [1 - '(---2) cos 1jJ] • (1) 
s Y1 l-lo Y1 

Since the TE case is the dual, one gets 

1 yo e:1 2 2 1/2 
Y = - - - [1 - (y

0
/y1) cos ljJ] . (2) 

s 110 Y1 e:o 
The surface impedance (admittance) given by (1) or (2) should 

not be confused with the "Le~nto~ich boi.:.ndary condition" which 
would be obtained if (y

0
/y1) cos"'"lp<<l. This has bee~ discussed in 

detail by Godzinski [1961], who goes on to show that the surface im
pedance is applicable to much more general problems if the change in 
the field along the surface over a distance of the order of a wave
length, Ap in medium 1 is small. In other words, the field ~de 
medium 1 should be locally plane, but the field outside the medium 
need not be locally plane with respect to }. 0 • 

Two extreme cases are when medium 1 is a perfect conductor or 
free space. The perfectly conducting case is obviously an exact boua
dary condition regardless of shape of the conductor. If medium 1 i~ 
free 4ace, the field along the interface must not change app}eciably 
over a distance >.0 • Other situations lie somewhere between these two 
extremes. 

To illustrate, consider a Hertzian dipole above an impedance 
plane as shown. Using well known field expressions, it is a simple 
exercise to show that if the plane is free space, then over the shad
ed regions, Ep/~=-11 0 sin1j, for the VED and Hp/E9=sfF1µ for the HED. No~, 
from (1) and (2) letting Yf+--ro and µ1=i1 0 , one O gets Zs=n 0 sinljJ 
and Ys=sin$/11 0 • Therefore, ZsCYs) given by (1) and (2) would seem to 
apply at least to distances where r>>. 0 in the free space (worst) 
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case and there 1s little· reason to believe that it cocld not also be 
appl1.ed at even closer ranges when the lower medium becomes a dielec
tric or conducting medium, being exact everywhere for the perfectly 
conducting case. The same remarks apply to vertical or hor1.zontal 
magnetic dipoles since they are duals of the electric dipoles. Fi
nally, if b>Ji.0 the concept can be applied everywhere over a free 
space plane. When seeking solutions to problems outside of the near 
zone where r>>A0 tbe questionable region i11DD.ediately beneath the di
pole often becomes an insignificant part of the total surface and 
the error incurTed in us1.ng Zs (Y8 ) becomes negligibly small. 

The impedance (admittance) may be variable over _the surface if 
it changes slowly in a di~tance Ji.1 along the surface. If the region 
where this requirement is violated is a negligible portion of the 
total surface, small error is incurred. When the surface is curved, 
the loca1 radius of surface curvature must be much less then >.1. 
Godzinsk.i [1961] discusses these situatious in more detai.l, and gives 
an extensive list of references. 

One should not leave this topic without some comment as to reci
p-rocicy, and the corresponding demands upon the surface impedance 
(admi.ttance). Since waves originating from tvo different sources (a 
and b) arrive at different angles (ll'a and 11-t,) from different direc
ti011S and possibly undergo different internal reflections in the case 
of nonparallel stratified media, the surface impedances {admittances) 
will differ at every point. If the sources are both outside of the 
scattering medium defined by surfaces, the application of the reci
procity theorem and (1) gives 

sf Za (1'Ja)H.ra 0 R.rb ds = sf ¾ (~)~a-~b ds {J) 

wbere the He's are the tangential magnetic fields of the two sources. 
A. sillli.lar dual equation results if (2) is used instead of (1) . Thus, 
(3) shows that it is not necess_ary that Z8 (ip8 )=Zb("-'b). It is there
fore apparent that Che ewo surface impedances need not be equal, and 
therefore "reciprocal 11 ., but rather, we require ( 3) be satisfied 
which is a distinctively different situacion. 

Godzinski., Z., (1961), The Surface Impedance Concept and the Structure 
of Radio Waves ever Real Earth., Proc. IEE, C., 108(14), 362-373 . 
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THE IMPEDANCE OF A FINITE HORIZONTAL ANTENNA ABOVE GROUND 

W.J. Surtees, Defence Research Board, Ottawa. 

Using equations for the radiated field of a thin linear antenna 
with sinusoidal current distribution in an expression derived from 
the compensation theorem, the change in self-impedance of a 
horizontal antenna of any length placed over a homogeneous ground 
of finite conductivity is obtained. Calculations for a half wave
length dipole are compared with some experimental values. 

1. Introduction 

Sometime ago I developed expressions (Smtees, 1952) for the 
change in self-impedance as a thin, linear antenna is brought into 
proximity of a homogeneous ground of arbitrary electrical constants. 
The explicit results were never published nor have I seen similar 
results available in the literature. Although FitzGerrel (1967) 
has used these results to check his work on the gain of linear 
antennas over imperfect groW1d, the work remained essentially un
published. The purpose of this digest is to rectify this situation 
and make the results more generally available. 

2. Formulation 

Monteath (1951) has shown that the self-impedance ZA of an 
antenna placed over a perfectly-conducting g~otmd would change to 
ZA' when placed in the same location over a ground of surface 
irr.pedance n'. By applying the compensation theorem he has shown 
that the change in self impedance is approximated by: 

~ZA = 2A' - 2A ~ ~~2 ff Hat2 ds (1) 

when Io, the current applied to the antenna produces a radiated 
tangential magnetic field, Hat along the surface of the perfectly
conducting ground with the integration extended over the whole 
surface. • 

When a thin, linear c~nter-fed horizontal antenna of length 2i 
is placed at a height h above a perfectly-conducting ground the 
tangential magnetic field is given by: 

-j Io h (e-jkr1 -jkr2 -jkr0) 
Ht = 2'7T sin ki (xZ + h2) + e - 2 cos k.11. e (2) 

where: r1 2 = x2 + h 2 + (Z -i) 2 , 

r22 = x2 + h2 +(Z+.£)2~ 

ro2 = x2 + h 2 + z2. 

k = 2~/A~ A is wavel~ngth of the radiation. 

- ----------~------------- ---------------------,-•, 
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The origin of rectangular coordinates is placed at the terminals 
of the antenna and the Z-axis directed along the antennd with the 
y-axis into the ground. After placing (2) in (1) and carrying out 
the integrations the final result is 

Z -n' [ { - j 2kh ( 1 ' • 2kh E • ) 1 ., k ) ~A= 4~ sin2 ki e 1 + jZkh' + J i (-j2kh (2 + 4 cos~ t 

+ ej 2ki [e- j 2khw1 (l 1 '\ Ei· (-
w1 + j2khJ + j2kh j2khw1)] + e-j2kt [e-j2kh/w;_ 

( 001 + . 2
1kb) + j 2kb Ei C-j Zkhn - 4 cos kR. 

J w1 
{ejk.2. [e-j2khw2 ( 1 1 '\ 

w";° + j2kh' 

+ J"2kh Ei (-J·2khw2)] + -jk.2. ·zkh 1 e [e ~ (w2 + j Zkl) 

+ j2kh Ei (-j 2khw2]}) (3) 

where: wr = (.2.2 
p:- + ) ½ .2. 

1 + h, 

2 

and (~h2 + 
1)½ .2. 

002 = + 2h , , 

and Ei (-jy) = Ci (y) - j Si (y) + jn/2 

-jw dw 
e -

w 
is the exponential integral of imaginary 

argument. 
The change in self-impedance for the center-fed, half-wave horizon

tal antenna is obtained from (3), by putting .2. = A/4 and is: 

~ZA = - ~; [2e -j 2kh (1 + j~khj + j4kh Ei (-j2kh) 

_ e -j2khoo 

- e 
-j2kh/w 

n' j9 
= -He 

4TT 

and w = ( 2,2 
;-z+ 
h 

( l + l 1 - J. 2kh Ei (-J· 2khw) w j2kh:, 

(w + j~kh~ - j2kh Ei (-j2kh)] 
w 

1)½ + !. 
h • R. = A/4 . 

The function Hand Gare tabulated in Table 1. 

(4) 

' ~· 
1 

1 
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Antenna height Change in self-impedance x 4ir/n' 

h/1,. H e(degrees) 

0 CIC> 360 
0.01 50.2 359.65 
0.025 20.3 357.86 
0.04 12.9 354.71 
0.06 8.86 348. 72 
0.08 6.82 341.13 
0.10 5.58 332.29 

1/8 4.57 319.91 
J/4 2.43 245.87 
3/8 1.67 162.70 
1/2 1.26 76.88 
5/8 1.01 349.50 
3/4 0.84 261.20 
7/8 0.72 172.43 

1 0.63 83.36 

Table 1. Horizontal half-wave antenna at a height h above imperfect 
ground. 

3. Results 

Some experimental results relating to the resistance of a horizon
tal antenna over an imperfect ground of dielectric constant E 1 = 25 
::tnd conductivity o = 0.013 mhos/m have been reported by Friis et al. 
(1934) and are compared in Table 2 with corresponding values calcu
lated from (4). 

Antenna Wavelength Resistance over Change in 
height A Perfect ground Resistance 

h/J-.. (metres) (ohms) (ohms) 
Experiment Theory 

0.01 8 l 89.0 295 
0.07 8 13.3 31.7 45.2 
0.18 8 55.S 6.7 10.4 
0.34S 27 98.0 -6.0 -8.8 
0.36 17 97.7 -6.9 -9.8 
0.625 17 57.8 4.0 5.7 
0.83 17 83.5 -4.1 -3.4 

Table 2. Input resistance of a horizontal half-wave antenna over 
120,r 

ground of surface impedance n' =(25 _ j 0 _7s;i..)½. 
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It is seen that the input resistance as predicted by (4) is 
within 5 percent of the experimental results, when the antenna is 
placed at heights greater than 0.2 wavelengths above the ground. 
At low heights, where the change in resistance is largest, the 
theoretical results have the greatest error. This is to be expected 
as the approximations are not true at low antenna heights. Also 

at the frequencies employed, I~;] is approximately 6, which is 

considerably larger than the value for a highly conducting ground. 
It is therefore expected that the predicted values from ·(4) would 
be more nearly true if the ground had a larger conductivity, or if 
the frequency were decreased. 

4. References 

FitzGerrel, R.G. (1967), Gain measurements of vertically polarized 
antennas over imperfect ground, Trans. IEEE, AP-15, 211-216. 

Friis, H.T., C.B. Feldman, and W.M. Sharpless, (1934), The 
determination of direction of arrival of short radio waves, Proc. 
IRE, E, 47-78. 

Monteath, G.D. (1951), Application of the compensaL1on theorem to 
certain radiating and propagation problems, Proc. IEE, Pt. IV, 98, 
23-30. 

Surtees, W.J. (1952), Antenna performance as affected by an in
homogeneous, imperfectly-conducting ground, Ph.D. Thesis, University 
of Toronto, Toronto, Ontario. 
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Impedance of a Finite-Length In;::ulated Dipole 
in Dissipative Media 

Carson K- H. Tsao and J. T. deBette!lcourt 
Raytheon Company. Norwood, Massachusetts 

I. • Introduction 

Theory of cylindrical insulated wire antenna in a dissipative 
media has been treated in the past as an infinitely long coaxial 
transmission line (for example, Iizu.kaand King 1962). The prop
agation constant and characteristic unpedance are obtained in 
terms of cylindrical waves. In this paper, the cylindrical wave 
solution is modified for application to finite length dipoles. 

The present consideration relates to the notion that within 
the antenna region, there must be electric flux lines connecting 
the opposite halves of the dipole as depicted by the spherical 
TEM wave. 

2. Transmission Line Parameters 

An insulated wire has an inner conductor of radius a 1 and is 
covered by a layer of insulation having outer radius a 2 and dielec
tric constant Ez- External to the insulation is the propagation 
medium with dielectric constant €' 3 . Corresponding to E'z and €' 3 
are the plane wave propagation constants k 2 and k 3 respectively. 

In the cylindrical wave solution, and axial propagation con
stant k is determined from the boundary conditions at p = az, a 1• 
For a finite-length dipole, if relatively thin, the feed-point and 
the ends can be expected to have little effect on the current dis
tribution so that the same propagation constant k satisfies the 
local boundary conditions, although the distribution of fields may 
be different in the case of the dipole than for an infinitely long wire. 
Thus, the propagation constant k is given by 

az a2 E"z 
kz = k! (1n- + 6) / {in- +- .6) (1) 

a1 a1 E"3 

where 

~ 
l 

[ ~z) {13 az} / HP) (l3a2~ ::: 
~az 

kz ::: ~ - lf ::: kf - 4• 

f 
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Although the propagation constant k for a dipole is regarded 
as the same as that ·for an infinite wire, it is not expected that 
the impedances will be the same for the two cases because of the 
need to accowit for the principal TEM wave. In the cylindrical 
wave solution, for relatively thin insulation, i.e. l.i2a1I < .l2a2I 

< < 1 the tangential magnetic and the radial electric fields in the 
insulation are 

E = 
Z2 

= I 
2TTp • (2) 

These are equivalent to the E92 and Efso 2 components of the spheri
cal TEM wave by substituting p = n sin e. 

Although higher order spherical waves are expected to exist, 
these waves do not contribute to the evaluation of potential drop 
V between the opposite halves of the dipole because of the sym.
D:letry; Vis necessary in determining the characteristic imped
ance 2 0 • The evaluation of V is simpllfied if the cylindrical 
dipole is replaced by a biconical antenna. With this substitution, 
it is readily shov;rn that the average characteristic ir:1pedance for 
the corresponding cylindrical dipole is 

= 

where 

k 
TTW E'z 

, " 2h 2(..t:n- - 1) 
az 

(3) 

is the thickness parameter. The corresponding distributed im
mittances of an equivalent transmission line are 

~ 
az E'2 

JP_)· z = (in- + 
'1T'WE'2 a1 €3 2 , 

(4) 
a2 E'z 1/J y = j w E' z 71' / (.in - + 2 ). a1 E' 3 

It is noted that the results m (3 and 4} are valid for bare antennas, 
i.e. a 2 = a 1• 
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Of the £our transmission line parameters, only two are in
dependent. In the case of the dipole, the two forming the inde
pendent set are k and y. The behavior of the propagation con
stant is well Uilderstood and has been experimentally observed 
{Iizuka and King, 1962) and will not be considered further here. 
The distributed shunt admittance y obtained here differs from 
the one obtained in the cylindrical wave solution due to the term. 
involving l/) and experim.ents have been conducted to verify this. 

3. Experimental Results 

The experiments involved :measuring the input resistance of 
an electrically short, open-circuited, insulated monopole in a 
water tank (5. 5 metE..rs in diameter and I :rn in depth). If the 
water has large loss tangent, the input resistance of the mono
pole of length his 

R = Re jk .- R _I_..,,. w 
• -2-t--h-.kh- - e Z y h - 4 'II a 3 h 1n yan J 

(5) 

where o3 is the conductivity of the water. 

In the experimental setup. a ground plane (1 :mz) is placed 
just below the water surface. The monopole is attached to the 
underside of the ground plane. From considerations of electri
cal length of monopole, loss tangent of water, tank dimensions. 
and input reactance, the set of test pa~ameters are chosen: 
f = 1 MHz, az = . 0814 c:m (No. 14 wire), az/a1 = ~- 5 (teflon 
tubing), h = 10 to 40 cm, and a 3 = . 03 to 1 mhos/m.. 

Input resistance of the insulated monopoles are :ma.de in 
water at two values of salinity ( S = 0 and 2.0 lbs of salt in tank 
capacity of 3700 gallons). The m.easured resistances and the 
deduced water conductivities are shown in Figure 1. The con
stancy of the deduced conductivity as a function o£ antenna length 
is a veriiication of equation (5). 

Input resistances of an 25 cr.n insulated and a ZO czn bare 
monopole are m.easured. Conductivities deduced from. the input 
resistances are shown in Figure 2 as function o£ water salinity. 
There is good agree:c::1.ent between the data on the two types of 
monopoles and the correct functional dependancy between con
ductivity and salinity of the water. 

--------------------------------------------

l. 

~ : 
i 
I· 
I. 
l 
I 

l-



'_', -· ~: -· .. 

Zi~{~-,; --·· 

-75-

103,..---,-----.----------1.0 
S• LBS OF $.0.L.T IN 3700 
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Figure 1. Input Resistive and Solution Conductivity 
as Function of Monopole Length 
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Conductivity versus Salt Content 0£ Solution 

In studying subsurface radio trans:rnissions, antennas are 
i.nunersed in the rock strata through deep drill holes. There are 
unpedance data on a number of insulated antennas in the drill 
holes (Tsao, 1964). It has been possible to deduce with reason
able success the conductivities of the rock media aroUll.d the 
antennas from. their resonance frequencies. Difficulties have been 
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~ncountered, however, in interpreting the low frequency input re
sistances, being much higher than predicted by the cylindrical 
wave solution. With the m.odified solution obtained from the in
sulated biconical antenna approach given above, these earlier data 
have been reinterpreted to deduce the locos.I conductivity values. 
The results are smnmarized in Table 1 (Tsao, and deBettencourt 
1966}. 

Table I. Conductivities in Drill Holes 

:ioo" Ri11 IIESON•NCt CO~QUCTJ\lm' l,IILJ.H,t"0Sf .. 
LOCtTIQr. 11101t0POL.£S OttMS r11e:ou£,.CT 0£111/CED DEDUCED 

110 KHZ! f0 IN 111:HZ FJIQlil ~ ,n !'IIIOW fo 

HOLEN0.1 NO. 18 PVC I 4& 28 .1n .26 
AG•BIU 2 « ~3 122 -H 

HOLE r,().6 NO. 18PVC I 72.5 " .089 .I~ 

l'OLt I00.9 r.0.1e~, 62 32 • '°" .14 
RG•II/U 2 86 o(l 9 .0&7 ,093 

SARANAC AG--8JU 2 121 63 -041 ,II 1.A"E 

I 

The previous im.pedance solution for the insulated antenna 
is modified by viewing it as an insulated biconical antenna. This 
results in a unified solution which can readily be shown to be 
applicable for a num.ber of special cases: (a) the insulation is 
vanishingly thin, i.e. the insulated antenna degenerates into a 
bare antenna; {b) tb.e medium has low loss tangent, i.e. for very 
high frequency applications of antennas in ground; {c) the med
ium is highly conducting; and {d) the antenna is electrically 
short. 
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Distributed Shunt Admittance of Horizontal 
Dipole over Lossy Ground 

Carson K. H. Tsao 
Raytheon Company 

Norwood, Massachusetts 

1. Introduction 

A cylindrical dipole antenna, located near a lossy ground and 
parallel to the surface. can be studied as a lossy transm.ission 
line. The distributed series impedance of a horizontal long wire 
over ground has been reported by Wait (1961). In the discussion 
here. only the distributed shunt admittance is considered. 

2. Distributed Shunt Admittance 

A horizontal cylindrical dipole is above the surface of the 
ground. The two sections of the dipole cylinders have radius 
a and length L. The a.xis of the dipole is at a height h + c1. above 
the ground. The dipole is considered thin. i. e. a < < L. 

The air and the ground are two dielectric media with die
lectric constants E'o and E"i = E'o Er (1 - jp) respectively, where 
p = a/w E'o Er· The distributed shunt adm.ittance y of the dipole 
can be obtained from the distributed capacitance c between the 
opposite halves of the dipole; y = jc.:ic. 

II\ a.n electrostatic case. it is assumed that dipole cylinders 
are oppositely charged and can be represented by line charges 
with densities +q and -q coulombs per meter on the two cylinders. 
The presence of the ground is accounted for by allowing an im.age 
dipole. The charge densities are 

E'1 - E'o E'1 - E'o 
- + q and + + q on the two halves of the image dipole. 

E'1 E'o E'1 E:o 
Given these line charges. the potential drop between the dipole 
cylinders is readily determined. BE:cause of the assUII1ption of 
uniform. charge density on each dipole section. the resultant 
potential drop between corresponding points on the two dipole 
cylinders is a function of distance from. the center of the dipole. 
In a dipole with perfectly conducting cylinders, a voltage gradient 
along the dipole does not exist. For a thin dipole. this gradient 
will be small and the average value potential drop can be used. 
This results in a distributed shunt admittance of 

y = jwc = 

·-'• . 
"" .•::-:..:t·'-> [ ....... ,., ·,,-' 

j21Tc.:i E"o · 2L Ip = 2(fn - - I). a 
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In the above, 1/J is the thickness parameter. K is the correction 
factor accounting for the effect of proximity to ground and y0 is 
the free space distributed admittance. 

It can be shown that K = 0 if h >> L; that is, for the dipole 
sufficiently removed from ground y = y0 • The same result is 
obtained if e- 1 = fo- It is also interesting to note that K = ¢ if 
h = 0; this results in a 

• 2TT w (E"1 + E"o) 
y=JT z • 

i. e. the distributed admittance is proportional to average value 
of dielectric constants for the air and the ground. 

Although the admittance derived here is for a dipole in air 
parallel to a lossy ground, it should be noted that the result is 
applicable to any semi-infinjte media. 

3. Input R~sistance of Electrically Short Dipole 

The result in the preceeding se-::tion can be used to determine 
the input resistance, due to ground loss, of .an electrically short 
dipole parallel to the ground surface. The dipole is regarded as 
an open-circuited transmission line of length L. Therefore the 
input impedance is Zin = Rin + j Xin = 1/yL. The correspond
ing input resistance Rin represents ground loss and is, from the 
electrostatic method; 

R. 
lil 

= 2rrw e-0 L 
K 

where 

cr 
p = 

2E p 
r 

2 2 
(E' + 1) + (E" p) 

r r 

, (Electrostatic) 

This can be compared with the ground loss expression due to 
Sonunerfeld (See Scimrnerfeld, 1949, or King, 1956.): 

R. == 
1:C. 

60 (h ~ al2 
------- , (Somm.erfeld). 
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These two expressions for input resistance C:.ue to ground loss 
are totally different, although both predict an increase in input re
sistance when the dipole is lowered toward the ground surface. 

The electrostatic solution predicts that the input resistance 
of the short dipole is maximum when the loss tangent of the 
ground is unity and decreased to zero when the loss tangent (or 
conductivity) becomes either very large or very small. On the 
other hand, the Sommerfeld solution :.ndicates that the resistance 
rises monotonically to an asyinptotic value when the ground con
ductivity decreases. 

4. Experimental Results 

A set of measurement~ were made with dipoles placed on the 
surface of the ground. The dipole lengths· ranged from L = 0. 0 7 5 
to 15 meters. The dipoles were made from the braids of RG-8/U 
coaxial cable with the resultant radius a = . 00375 m; this pro
vi.ded a flexible dipole which could be readily bent to follow the 
contour of and be in contact with the ground. The measurements 
were made in the Boston area in a late winter month when the 
ground was still frozen excetp the surface was wet due to thawing. 
The ground conductivity was estimated to be of the order of I0- 3 

mhos per meter due to the gravel subsoil base and low tempera
ture. 

The measured data, taken at . I, 1 and 10 kHz, are summar
ized in Figure I as function of dipole half length L. Theoretical 
curves from. the electrostatic and the Som.merfeld solutions are 
also sho~ for comparison. 
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In Figure 2, the measured input resistance of the dipole with 
L = 1. 9 meter is shown as function of frequency and is also com.
pared with the theoretically predicted values. 

Figure 2. 

In both Figures 1 and 2. ground constants assumed are 
u = . 5 x 10- 3 mhos/meter and Er = 225. 

5. Discuss ion 

The solution formulated by Sommerfeld starts by consider-
ing a primary field excited dipole current and a secondary field 
reflected from the ground due to the incident primary field. The 
dipole resistance is obtained by considering net power flow across 
two planes above and below the horizontal dipole. This m.ethod 
neglects the interaction between the dipole and the secondary field 
incident on it. That is. there should be a third field or the scat
tered field from the dipole due to the secondary field. 

The effect of neglecting the interaction between the dipole 
and the secondary field is believed to result in the discrepancy 
betw-een loss resistances predicted by the Somm.erfeld solution 
and the electrostatic solution. 
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THE LINEAR ANTENNA IN A PIECEWISE HOMOGENEOUS ENVIRONMENT 

D.V. Otto 1 

ElectroScience Laboratory 
Department of Electrical Engineering 

The Ohio State University 
Columbus, Ohio 43212 

23 April 1969 

Abstract 

Numerically efficient and accurate techniques for solving 
tbree canonical problems of the antenna in a piecewise homogeneous 
medium are developed, these problems being (a) the current in
duced on a thin lossy wire by an arbitrary incident field, and 
the treatment of inhomogeneities in the (b) , Fresnel or far zone., 
and tlle (c), near zone. Examples dealt with are a simple array, 
an antenna on a finite size ground plane and a dipole on a sphere. 

Introduction. A typical problem of current interest is that 
of the array of linear wires moUD.ted on an aircraft, rocket or 
satellite. In this situation one readily distinguishes three 
canonical problems. First> there is the general problem of the 
linear lossy wire immersed in an arbitrary field. Second, tech
niques are required to deal with the effects of iohomogeneities 
in the far and Fresnel zones. and third, iDhomogeneities in the 
near field have to be accounted for. This paper deals with ef-· 
ficient numerical methods of solving these problems. 

The Exact Current on a Thin Lossy Wire. Assume first that 
the fields some distance from the wire can be calculated approxi
mately from the equivalent line current:.. Then we can let the line 
current be represented by a piecewise sinusoidal function (Otto 
and Richmond, 1969) so that the Ez (for e.xample) 5 is given by 

N 

I 
j=l 

·e-ikRj 
liI' 

j 
(1) 

Now suppose an arbitrary incident field impinges upon the 
wire. Then llii and lll.{q become dominant in (1) and the field near 
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the ends of the wire is given by the 1st and Nth terms of (1). 
Consequently a zero order solution for the current on the vi.re 
may be written using the Fourier Transform (F.T.) theory of an
tennas (Otto, 1968): 

(2) 

where 

= - Ih+ti 
I 1 (z) 

j 

E;(z')Ie(z-z')dz', lzl < h, (3) 

and (for a solid wire) 1 

¾_(z) 

0 (4) 

Once I 0 (z) has been calculated, an iterative scheme is easily 
set up to determine the current more accurately, for now the Ij• 
(j=2,N-1) may be evaluated. In general, therefore ve have 

Convergence is extremely fast, a factor of 20 per iteration being 
typical. This implies that an accuracy of about five percent is 
obtained with the zero order solution. 

The ~ffect 0£ finite conductivicy of the wire can be taken 
into account since the effec~ is a contribution to Ei(z) through 
the surface impedance. For normal condu~tors ~~~ rate of con
vergence given previously is uot affected significadt1y. 

Fresnel. and Far Zone Inhomogeneities. If the iJJhomogeneities 
are sufficiently remote:. iterative methods provide effic.:lent so
lutions. Two typical cases iu which this situation is found is 
the large array and the antenna (or array) mounted on a f.:i.nite 
size ground plane. 

For the arbitrary array the zero order solution (which has 
about five percent accuracy)> is 

¾i(z) = Is (z) -
n 

~(z')le(z-z')dz' + An_IR<bn-z) 

+ Bn1it Chn +z) • (6) 

~here Kam is the axial field incident on the nth . element due to 
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tbe mth. and is determined by use of the piecewise sinusoidal 
approximation. Is(~) is the primary current whose form depends 
on the nature of tRe excitation. 

Since Iu(z) appears on1y on the left of (6) an iterative scheme 
for the solution of (6) becomes obvious. Figure 1 shows the results 
for a pair of monopoles. Also shown are the experimental results 
due to Mack (1963) and the number of iterations required for one 
percent convergence. Clearly iteration is very efficient only in 
the Fresnel or far zone. In the near zone other methods are better. 

In the case of the antenna (array) mounted on a finite size 
ground plane. it is convenient to utilize the geometrical theory 
of diffraction to account for the ground plane edges. The results 
for a coaxially driven, finitely· conducting monopole, at the centre 
of a small ground plane (Dgp=l.25A.D =6.25A) are displayed in 
figure 2. Two iterations and a firsf order geometrical theory of 
diffraction were used to obtain an extremely accurate solution. 

Near Zone ·Inhomogeneities. One case where the inhomogeneity 
is iD. the near zone, is that of the dipole symmetrically mounted 
on a sphere (or other rotationally symmetrical body). The ap
proach here is to use a combination of point matching and 
nimaging" in order to satisfy the boundary conditions on the 
surface of the body. Figure 3 shows the problem considered and 
the equivalent (image) source system. For the sphere, static 
image concepts lead to the system shown. The four interior "fr:i.1111 

sources are located where the mavfma in the static image Ez lie. 
The amplitudes of these sources are obtained from n.io equations: 
'(:l.),. an aperture condition I' (a8 -e:)=-I' (25+e:)" and (ii) a point 
matching condition that Ecl>=0, at some point on the sphere. This 
point was determined by variational considerations. The zero 
or.der results are shown in figure 4 along with some experimental 
va1ues. Bearing in mind the relatioushi.p beeween the zero order 
and experimental resul.ts of figure 2, these resu1ts are seen to 
be excellent. 

High Speed Techn.:Lques. A basic improvement in computer exe
cution time is possib1e i£ functioilS like Ie=-IR are evaluated 
prior to execution., stored i.n tabulated form and interr-,Jative 
techniques used during execution. (Typical access time with the 
7094 computer is about 800 ~secs using quadratic inte·-:polation). 

A second technique, is to utilize similarly accessed cur-
rent distributions for a few commonly encountered excitation fields. 
Such currents are the currents on infinite antennas with frill 
source, or plane wave excitation. 
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Finally, in a~ array it is possible to evaluate I 1 (z) prior 
to execution due to a single term of (l) for the various values 
of z that are encount~red. Then the execution time evaluation 
of the integral in (3;- is eliminated. 

Ackno~ledpent. The author is indebted to L.L. Tsai for carrying 
out the numerical work for near zone inhomogeneities, and to 
D. Lekhyananda who performed the experimental work. 

Fig. 1. Admittance of an 
array of two antetma.S. 
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Fig. 2. Adl!littance of an antem:ia 

on a small square ground plane. 
(a/A=.002,b/a=2.23,cr=l0.4 Mmhos/m) 

Fi..;. 3. Admittance o.f a dipole on a sphere. 
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CHARACTERISTICS OF THE ,GROUND WAVE ATTENUATION 
FUNCTION FOR HIGHLY INDUCTIVE SURFACES 

D.B. ;Ross 
National Radio Propagation Laboratory 

C;__·•"'IIlunicacions Research Centre, Ottawa, Canada 

Abstract The n1JID.erical distance p between two dipoles over a 
plane surface depends on wave frequency, path geomecry and surface 
impedance. The parallel polarized surface fields of che ground 

..wav.e _are._pr.oportional _c_o xhe._at.tenuation_function __F(p)., .which 
exhibits oscillations and rapid pbase changes with range over a 
highly inductive surface, due to :the exiscence of a trapped 
surface wave. Twenty-four values of p (of an infinite number) 
which m.a,ke F equal to zero are given. 

1. Introductio~ and Field Equations For the air-earth 
interface, a surface impedance to electromagnetic waves is defined, 
h~ving generally two components, :represented by the impedance 6. 
and admittance r (normalized to ~0 , the free space impedance), 
which may be calculated for a given surface. This paper is 
concerned with the propagation of ground wave fields over plane 
earth surfaces, particularly ones with highly inductive impedances. 

- - - -Let. z-, p and qi oe fhe- cy:lfiidi:'""ical co-ordrna-fes- of" tF.e - -
receiver with respect to an origin on the surface below the dipole 
source. Further~ is the angle of incidence at the surface; e the 
zenith angle of the receiver with respect co the dipole; and r, r' 
the direct and reflected dipole-receiver distances. Use the 
abbreviations S = sinl./1, C = coslj,, S' = sine, C' = cose, S" sin.¢,, 
C" = coscp. By geometry,$= -zS+pC, a= -zS'+pC', and let 
a.,,= -(zS+p~), at= -(zS+pr), e = exp j(wt-kr) /r, 
e' = exp j(wt-kr) /r'. The plane wave earth reflection coeffi
cients are R.,, = (C-6)/(C+~), R.1 = (C-r)/(C+r). Define reference 
fields at unit distance from the electric (e) and magnetic (m) 
dipoles in the equatorial plane: Ee= t 0 He•~= ~o X 

....,.. - - 7forton 's (T942) equafioos -Cas-numbered) for-the ground-
wave fields of the elementary dipoles parallel ( 11 ) and transverse 
<.1) to the plane of incidence, f~r r > 2TI/k, become: 

Vertical Electric ( 150) E., = ljEe { 9S 'e-tiSR,,e '+o-"S(1-R.,1) Fee'} 

Vertical Magnetic 

(151) a. = ~jRe { S 'e+ SRue '+ S (1-R,,) Fee'} 

(153) R., = - , a.n { 6S'e+~SR,1e'+a.1S(l-Ri)Fme'} 
--' 

(152) Ei = ~ Em_ { S'e+ SR.le'+ S(l-R.1)Fme'} 

Horizontal Magnetic (200) En - ! ~S11 { 9 e+i;; R,,e'+a., (1-R,,)Fee'} 
l 

(202) H.,1._ ~--4! ¥"!_ _ e+ _R.,e'+_ J..1-R,,)Fee'} 

(203) ii,, = - ! Bm_C11{-8C'e+~CR.1e'+a.1r(l-R.1)Fme'} 

(201) E.1 = ~ EaiC"{- C'e+ CRie'+ r(l-~_i)Fme'} 
. 

CLASSlF:CATION 
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Fig. 1. 
Re1ief of Fon p plane. 

Horizontal Electric (198) ii., = jR8 S"{ e e+-'ijj R J. e '+c J. (1-Ri)Fme'} 
(196) E .i. = ljE8 S"{ et- Rie'+ ( 1-R_i) Fme' } 

(197) '.E .. = jE8 C" {-SC' e+°ijjCR.,e '+c.,.O. ( 1-Rn) Fee' } 

(199) ii .1 = ljR8 C"{- C'e+- CR.,,e'+ .0.(1-R,,)Fee'} 

Each field has three components:, (i) one direct from the dipole 
source, (ii) one reflected from the surface, and (iii) a surface 
wave field, proportional to the attenuation function F. When both 
source and receiver are on the surface, the space wave {sum of (i) 
and (iirY disappears, -i:eavicgth°if surfacewave-;- ana so -fhegrouna 
wave field near the surface is determined by the behaviour of F. 

2. The Numerical Distance and Attenuation Function Fis 
expressed in terms of the numerical distance p = IPlexp(jb) = 
-jkr'(C+y) 2/2S2, where R = Rn, y := 6 for evaluating Fe, ·and R = Ri, 
y • r for Fm• Thus IPI is proportioual tor', and b - 28-90°, 
where S is the phase of (C+y). For the homogeneous earth, the 
restriction (n2>>1) assumed in the derivation of F gives 
.o.2 = l/r2<<1. Samnerfeld (1909) ,defined F for propagation over a 
homogeneous earth, which has a slightly inductive surface.. H<nle.ver, 
the. use of the function may be extended to propagation over a 
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--strat"ified or rough Sl!rf--ace-(e-.g-.- Wa-it-.,- 1-9-51}, --wM.cb-may be lu.gh1y - - 1 
inductive. Such a surface is ch~acterized by 0°<b.o,<90° 9 

-180°>br>-270°. Norton's (1941) :series expansion for F(p) is 
poorly convergent for large IPl»:and the corresponding asymptotic 
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expansion is the 'Norton 
,surface wave' FNor~on = 
-1/(2p) - 1•3/(2p) - 1•3•5/ 
(2p)3 ... with the addition 

10£ the 'trapped surface 
jWave' term (-2j/;p exp(-p)) 
'if 0°<b<90° (Wait, 1957). 
F(p) has an infinite number 
<>£-zeroes in th-is -reg-ion- of
b, which can be considered 
to be the result of destruc
tive interference between 
FNorton and the trapped wave. 
Vogler (1964) and King and 
Schlak. (1967) discuss the 
locations of the minima and 
1maxima in IF I • Table 1 
'gives the IPI, b values 
corresponding to the first 
24 zeroes. 

- 3. - Discussion-- The 

-- ---1· - • 
1- _ ~ ----·· trapped wave appears in Fe 

>--- ·--+----..... -- :: ::: ~ for a highly inductive 
------1__,_ __ ,_1 ____ ......... _ _,,_,__, surface and in Fm for a 
~..,0~--'---=!1e--__,__: ___ ~-!=-=-,.::..:, ....,_---::12:!:---'--=•:1=--__,_...:··='::!-izo highly capacitive surface. 

Fig. 2. 
Since a plane earth surface 

_will not be capacitive, the for various b values. 
field equations show that 

the trapped surface wave will be present in the E,. and H.,_ fields 
of the parallel polarized ~aves over a highly inductive surface. 
The fields of the t:ransverse polarized waves, which involve Fm, 
:!fill ~t_have~ traRl)e~ c_Q111.p_onen~~ ______ _ 

Tbe relief of F = IFlexp(-j,:,) on the complex 
~ = R(p) + jI(p) plane is shcn.m in Fig. 1. Eac..'t curve of 
!Fl v. IPI in Fig. 2 may be viewe~ as a section of the relief 
along the radial of Fig. 1 correspondi.n$ ~o the value of bused. 
Similarly, Fig. 3 shows curves of; t v. IPI for certain values of 
b. Near a value of p giving a function zero, t changes very 
rapidly, and is indeterminate at a zero. Curves may also be drawn 
of 4' v. b, and will in general give values differing from those in 
Fig. 3 for th_e s_ame Ip I . b value~. The differences are multiples 
of one cycle or 360° and depend on the way in which the function 
zeroes are bypassed when p is changed. Fig. l shows that the 

7a.CClJIDal"amd --pha-se -observed ±n -changing -p depends 0'D. the-,:,ath 
chosen and contains an arbitrary ~1.DD.ber of cycles. 
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Table 1 - Zeroes of F(p) 

n IPI b .. .. ... 1 7.988872 51.374694 
.... 2 14.100918 65.288811 

3 20.277101 71.436984 
4 26.485654 74.983401 
5 32. 713100 77 .316614 
6 38.952686 78.979073 

i ,- ~5;2001;10- "8Cl.229lll - -, 
• 8 51.454549 81.206308 
! 9 57. 71299~ 81.993043 .r : 10 63.974907 82.64J237 
:! 

11 70.239568 83.185317 • 
12 76.506441 83.649054 
13 f2.775128 84.049418 
14 89.045323 84.398862 
15 95.316787 84.706740 
16 101.589331 84.980222 
17 !.07 .862803 85.224899 

QI 0 -l•l _ 18 114.137080 85.445200 
- -Fig-. 3-. - - -.-- - : --i.9- I20 :-Z.1Z05S- -8s:6t.4679 -

t v. ]Pl for various b values. 20 126.687653 85.826223 
21 132.963793 85.992204 
22 139.240418 86.144586 
23 145.517477 86.285014 
24 151.794925 86.414875 
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IMPEDANCE OF A HERTZIAN DIPOLE OVER A CONDUCTING HALF-SPACE 

James R. Wait 
ESSA Research Laboratories, Boulder, Colorado 

Abstract 

Various :formulations are presented and their consistency 
is checked by a direct num.erical evaluation of the basic integral 
representation. The usefulne~s of the compensation theorem 
approach is demonstrated. 

Probably the most basic environmental antenna problem is the vertical 
electric dipole of fixed current moment I 0 ds located in free space at a 

height z 0 over an homogeneous half space of conductivity a and dielectric 
constant e: . The magnetic permeability of the whole space is µ 0 and is 
assuzned to be constant. With respect to a cylindrical coordinate system 
(p, ¢, z). the interface is the plane z = 0 and the dipole source is located at 
z = z 0 on the z axis. The situation is illustrated in Fig. 1 where N designates 
the complex refractive index of the half-space. 

When the current iD. the dipole varies as exp (i wt). the fields can be 
found from the solution of a well-known boundary value problem [Sommer
feld, 1949]. The(~ertz r:'fftor fi has only--a z component and, for z > 0, is 
given by n = II P + II- 5 , (1), where the primary influence is 

z z z - ½ 
( ) I ds expL-ik[p2 + (z-z )2 ] l 

n P = ~ 0 - <z> 
z 4TT1 e:0 W (p2 + (z-z )2] 2 

0 

and the secondary inf'i.uence is 
I d s CD 

II(s} = o s R{:)..) J (Xp) 
Z 4TTi E: W O 

0 

;\ d). (3) 
l 

u:i. = (Az - Nz kz) 2 ' 
0 

u 

1 

where ~)._) = (u~- 11il(u~+ 11i)-1 , (4). u =().z - k2 ) 2 , N =[(cr+i..:w)/ 
(i e:0 w)] and k =(e0 µ 0 )½w= Z n/(wavelength). To sati'sfy the radiation con
ditions at infinity. the real parts of u and Ui are defined to be positive for )._ 
ranging from. 0 to cc on the real axis. • 

To carry out a complete calculation of the self impedance of the source 
dipole requires that the current distribution on the dipole be determined. 
This aspect of the problem, however, may be deferred if we confine our 
attention to the change of the im.peda..nce resulting from. the presence of the 
lower half-space. Thus, for electrically shc,.:rt antennas, it is permissible 

J 
to retain the dipole approximation. 

By definition, the impedance change 6 Z is given by o Z = Z - Z 0 , 

where Z is the self impedance of the dipole in the presence of the half-space 
while Z 0 is the im.peda.nce of the same dipole located in free space. Thus, 
Z 0 = Lim (z0 - e1:1) Z . 
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According to the "e.m.f. method, " if follows that 6Z = Lim(z -+ z0 , 

p - O)[ 6 Ez ds/Io] , (5). where the twits are taken after performing 
ths operation 6 Ez = (kz + '??/a z2 ) n zs , (6). This leads to the result 

CD 

6 Z = - 4-TT---;-~-s..:.)z_w_ s R(>..) ~ e -Clu dA (7) 
0 0 

where a. = 2 z 0 • It is convenient to normalize this by writing 6 Z = R 0 T 
where R 0 = 20 k2 (d s) 2 is the real part of Z 0 and is the radiation resistance 
of the dipole in free space. 

To gain insight into the problem we now develop an asym.ptotic expansion 
by expanding R(k) in a series about 'A. = 0 • As it happens, in this particular 
ca.se, R 1(0), R•(O) and all odd-numbered derivatives vanish. Therefore. 
w ~ have R(>..) = R(O) + >..2 R• (0)/2_! + "-4 Riv(e)/4! + . . . (8). This leads 
to an expansion of the tYB,ek 

C z a2 ""\ e -1 a. 
A~ - R(O) k + T;!) a. 

R• (O) (kz + oz ,z e-ik a. 
2.' o a.1.) a. 

iv z -ika. 
R . (0) (kz + a ".4 _e __ _ 

4! , a Cl2) a. 
(9) 

ar.-i so on. [ A constant factor has been omitted on the right-hand side. J 
Retaining just the first two terms (and including the correct multiplying 
factor). we obtain 

T """ - 3 jR(O) J A exp (i [arg R(O) - ~~ - ke1] J 
- 6 fk2 R•(O) I B exp {i [arg R• (O) - asa - ka.]J 

where A e - i ¢a = [ 1 - i/(kC:.) ]Ck ex.) -z 

and 

{10) 

(11) 

(12) 

R(O; = (N-1)/(N+l) k R• (0) = -(2/N)(N-l)/(N'+ 1) = -(2/N) R(O) . 

The question of the convergence of expansions of this type is discussed 
elsewhere [Wait. 1962]. Suffice it to say here that the results are 
asyniptotic. being strictly valid only if k - m. 

If we :c.ow regard I NI as a large parameter.(10) can be written in the 
form . - ... i ka. 
T ""' 3~: ~ 3 (l+ikr:,,) + 6e-ikc.N-1 [{kcxf2 + i(ka.)-3 

-4 
(13) 

+ terms in (ka.) , etc. J 
where we also neglect term.s contained i:c. 1/"N'- , l/'N3. etc. 

In a closely related study, Vogler and Noble [1964], in close collabora
tion with the present writer. investigated this same problem.. Under the 
condition I kCl Nj >> l, they obtained the following result for the vertical 
electric d,i~le 

.... 3ie- 1 a.,N ... 1-J { ..!_ _r ~c 2 N-3:'\]' 
T (ket)3 l°N+ 1 l + N + il ket + ka N 1 - * ) J • (14) 

~-------------------------------------
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This asymptotic for:mula was obtained by a repeated integration by parts 
of the basic integral (7). It is interastinf to note that (14) also reduces to 
(13) under the additional restriction that NJ>> l . 

We cotne now to another approach to the irnpedance problem.. Lavrov 
and Knyazev[l965] make approxi:mations directly to the integrand of (3) 
which is the Hertz potential of the secondary field. Tney argue that if 
IN I >> 1, we can make the substitutions u 1 = (~2 - N2 k 2) 1' .... i N k and 
u 'ti-+ u 1 = (>..2 - k2 )½ N2 + ()1o2 • N2 k2 )½"""' •• 'NZ (>..2 • :k2)'f , (15) 
Assurning that these are good approximations over the whole significant 
range of the integration variable >.. , we see that 

I ds -ikR l 
(s) o --e . J 

Dz = 4TT i e w L R - Zi k Np 
0 

where (17) 

0 

where R2 = p2 + ;z and ; = z + z. We immediately see that P satisfies 
0 

the differential equation a p e -i k R 

-- = -a z R 

To evaluate P we first of all recognize that values of z near R are 
significant when dealing with self i:rnpedance estim.ates (i. e. . p << z). In 

this case, • -i k x 
P- \ _e ___ dx = 

._IR X 
- Ei(-i k R) 

which satisfies -
(p2+zz)t 

-ikR o P e ar= --R--

... 
z 

-ikR 
e 

R 

Using this result with (5) and (6), we readily deduce that 

T - l...r-1...L.(i - ...i.... "I e -ika. - Ei(-ik"')-1 where 2 N Lka. , k a../ ,_, ..1 Cl = Zo 

Noting that E . ( . ) e-i x Q1 + l 2? + 3 ! 
1 -1 X - --:- (--:-) + (~) (" .x) 3 + - 1x --1x -1x 1. 

(18) 

(19) 

(20) 

] (Zl) 

it is evident that (2.:0) reduces, for ka. >> l , to (13) at least to the order shown. 
Another approach to the self-unpedance problem.which has been favored 

in recent years. is based on the con1pensation theoren1 [Monteath, 1951; Wait, 
1969]. Using this m.ethod, we have 6Z = 6 z(•) + .6.Z , (Zl) where 
6 z(•) = Lim (a - •) 6 Z. The impedance increment which accounts for the 
finite conductivity of the half-space is given exactly by 

CD 

6 Z = - -t- so H~-> ,~ o) E p (p. o) Z TT p d p (ZZ) 

where ~!p, o) is the magnetic field of the dipole on a perfectly conducting 
ground p e at z = 0 and Ep (p, o) is the actual tangential electric field at 

i-----------------::--------------------• 
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z = 0 . The joker is that Ep (p. 0) is not known: othervvise, the problem 
would be trivial. However, the argument usually goes that the tangential 
electric field is proportional to the tangential :magnetic field which, in turn, 
is replaced by its value for a perfectly conducting half-space. Thus, if 
JNI >> l, we may say that Ep (p, o) - - (lZOn/N) H~m){p, O) , (Z3) • where 
lZOTT/N is the effective surface impedance of the half-space. Inserting this 
into (ZZ) and using the appropriate value for 6 z(m) in (Zl). leads back without 
further approximations to (ZO). Thus. we come to the remarkable conclusion 
that the compensation theorem approach leads to identical results for the 
simplified integr&.l formulation described above. 

In :many cases of practical interest. the approximate formulas for the 
irniedance increm.ent are not valid. Such is the case, for exam.ple, when 
IN is not reasonably large cornpared with unity. Then we must resort to 
numerical integration. For this purpose, a new variable >.. =kg is em.ployed. 
Then T can be expressed in the form 

T = ('CD F(g) d g (Z4) 
.,'o (g -l)t 

where F(g) = i ! R(k g) g3 (l + g) -½ exp [ - k Cl {g2 - l) ½] (Z 5) 

and R{kg) = [N2 (g2 -l)½ - {g2 - N 2 )'I'] [N2 (g2 - l )½ + (g2 - N 2 )½]-l (26) 

To comply with a.ppropria.te radiation conditions. we require that ½ 
Lun(g-m)(gz--1)-r- = g, Lim(g-t:1:1)(g2 - Nz)i = g • Lim.(g-O)(g2-1) = i • 
and Lim. (g - O)(g2 - Nz )½ = i N . To sim.plify the integration we rewrite 
(24) as a SUin of two parts. Thus. 

rl -½ \m -½ 
T = -i' F(g)(l - g) dg + J P(g)(g -1) dg 

""o l 
(2!7) 

Further simplification is achieved by setting x = ..Ji=I"in the first integral 
and y = .JI=i in the second integral. Then. finally. 

T = 6Rz = Z \mF(l+x2) dx - Zi \ 1F(l-y2) dy • (2!8) 
0 ~o ~o 

where the function F with the argU1nents indicated is defined by (ZS). 
Some nutnerical results based on the above formulas are now considered. 

For )NI= m, corresponding to a perfectly conducting plane at z =0. the im
pedance increment is given exactly by (10). The results for this case are 
shown in Figure Zin the form of an Argand plot with the values of ka. indi
cated on the curves. It is imm.ediately apparent that the impedance increment 
beco:m.es indefinitely large as kct beco:r::nes sniaU. However, the real pa.rt of 
T approaches unity as k a. tends to zero. t This is physically acceptable and 

t This follows from the relation Lim.(x-o){Re [-;?Q -¼:) e-ix] = l. 

'-I 
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represents the doubling of the free-space radiation resistance as the dipole 
approaches the c endue ting plane. 

Som~ r~sults for fi_nit,.e values of N are shown in Figures 3a and 3b for 
N = 30 e-1 ff/ 4 and 10 e-1.TT/ 4 , respectively. These would correspond to a 
highly conducting half-space where displacement currents are negligible. 
The solid curves a:::-e based on using two terms in the asymptotic formula for 
T given by (15). The dashed curves correspond to just using the first term in 
the same formula (i.e., set B = 0). The distance between these curves (meas
ured on a radius from the origin) gives some idea as to the accuracy of the 
two-term asyznptotic formula for T. In the case of jNj =30, it appears 
that the results should be quite accurate even for relatively small values of 
ka.. A further check for these two cases is afforded by a numerical integra
taion for ka. =3 for each case. This is shown by a smal~ circle in both 
Figure 3a and Figure 3b. 

The formula for o Z or T based on the compensation theorem is also 
shown in Figures 3a and 3b and indicated by broken curves. In both cases, 
it falls in between tbe curves for the one- and two-term asyniptotic formulas. 
Also, it appears to agree quite closely with the points obtained from a direct 
numerical integration. 
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Fig. 2 - The change of impedance of a vertical dipole over a horizontal 
perfectly conducting plane. 

(The results are expressed as a ratio to the free-space radiation resistance.) 
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Effect of the Ground Screen on the Field 
Radiated from a Monopole 

W. J'. Surtees, ESSA./ ITS 

The ground wave field intensity is calculated from a simple applica
tion of the compensation theorem for a thi:c., vertical antenna with smu
soidal current distribution when placed over a circular ground screen 
la.id upon homogeneous :flat earth. Results are in agreement with those 
obtamed by Wait (1956). Some additional numerical results are pre
sented show:ing the effect of antennas of different lengths and height. 

1. Introduction 
The improvement to low-angle radiation from vertical antennas by 

the use of ground screens has been investigated theoretically over a 
·nurnber of years smce the compensation theorem. approach of Monteath 
(1951) was first published. 

The purpose of this paper is to apply the compensation theorem. to 
develop expressions for the field radiated by thin linear vertical 
anteDDas of finite length when placed on or raised over a circular 
ground screen 'Which is laid upon a ground of arbitrary electrical 
constants. 

Z. Formulation 
The problem. of determining the effect of a finite surface impedance 

r{ 1 varying from pomt to pomt, on the performance of an antenna has 
been :formulated by Monteath (1951 1 1958) using the compensation 
theore:cn of network analysis. He ob~s the following expression for 
the change in mutual :ir.npedance between two antennas A and B. 

ZAe1 - Z,.e = ~ j J (T1 1 -1"1) CH.At' • He,d ds. 

where ds is a surface element (Monteatb.1 1951). 

(l) 

I£ n represented the surface iinpedance of a unifor:m ground, and 
11' represents the surface unpedance of the ground plus a ground 
system. then the change ::n :mutual impedance can be calculated from. 
(1) if H~./- and Ha~ were known. The fields m. fact are not known and 
therefore m.ust be r~laced b-L an approxim.ation. The approximation 
used is to replace HA.t and Hat by :a,.-=: and H:. the :magnetic fields 
that would exist if the ground were everywhere a perfect conductor, 
and Z,.8 would become z,:: . One would thus expect the results to be 
best for a highly cOJJ.ducting ground. 

Apply:ing the above to find the field from a vertical center-fed 
antem:ia of length U whose term.iD.als are at a height h + ,(, above the 
center of a circular perfectly conducting grotmd screen of radius a 
and usmg the field from the tb.m, linear, center-fed antenna as given 
(Jordan, 1950) by 

, 

i 
I 
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j Ia ( -jkr1 + -jkr2 2 -jkr0 k' ) e e - e cos ,,_. , 
2n p smk-t. 

(2) 

we obta.m 

Ge -1 = - 1l ~=o~ \\I Ja ( e -jkr1 + e -Jlcr2 -Ze -jkro cos kt) 

0 
J l (k p cos ,jr) dp :, (3) 

where Ge is the complex ratio of the racliated field at B :in the pre -
sence of the earth system to the field at B over a perfect conductor, 
and 

E = cos [k(h + :U.) sm ,jr] + cos [kh sin ,j.r] 

- 2 cos [k(h + -t) sin ijr ] cos k.t . (4) 

The distances can be determmed from the geometry shown :in Fig. 1, 
and 2n 

k = T , i\. is the operating wavelength. 

,-
..l 

+-A 
L 

t-
h 

....... ~ 
i---a--..... 
I 

A:~ 

Fig. 1. 

Elevation 

Pion 
::wJg 

Along the ground, ~ = 0, and (3) may be written as 

Goe -1 = - ~0 i0 [ V(ka,, h + z.t) + V(ka~ h) - 2 cos k-t V{ka, h + -t) J 
where we def-ine 

0 

and E 0 is the value of E when 1lr = O. 

(5) 

(6) 
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In {3}, if kp = y we may approximate 

Ji(ycosljr) bycos$J1(y) iff sin2 '1r << l, andy< 3.3, 

and, 

(7) 

S~ilar considerations will yield expressions for the field radiated by a 
thin, base-or loop- fed a.nte:cna. of any length -t when it is placed on the 
center of the ground screen by letting h = --t in the above. 

3. Results 
The integrals represented by the function V(x,-t.) defined by (6) 

must be evaluated nu...--nerically. A few cases have been computed by 
Mrs. Lillie C. Walters by the method of Gaussian quadrature, and the 
results are presented in Figs. 2 and 3 for vertical antennas. 

(!) 

a- >..14~ end fed 
1.4 b- X/4, center fed 

c-X/2,h=)../4 

J.2 

d-A/2, h=O 

f'.ig. 2. 

.,, = ..L 
'1o 3 

2 3 4 5 6 
ko 

Variation of gromid wave wi'th. 
radius of ground screen. 

7 

Fig. 2. shows \G\ as a function of screen radius a, for the four 
anten:nas considered when a perfectly conducting circular ground 
screen is laid upon a poorly conduct:ing ground. Comparing curves a 
and l:l indicates that the performance of the short quarter wa. ve :mono -
pole over the ground screen is better when base fed than when center 
fed and that the ground screen has the most effect if the antenna is 
short. Curve a is :in agreement with the results of Wait (1956). 

The curves for cases c and d show that raising the center fed 
balf-wave antenna.a distance of one quarter 'Wavelength improves the 
ground wa~ !leld by a factor of about l. 05. -----------
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1.4.....--------------------, 
"1 - I -3 --- ko-

T/o 3 1 

I. 2 Lo----==o=:c:::=::::;::;;o:..._......_---J.,.~o _j 
0 6 12 18 

Fig. 3. Variation of radiation with low 
elevation angle. 

Fig. 3 was produced from (5) and (7) and shows the variation of the 
low angle radiation for the four cases considered when the radius of 
the ground screen was close to a half wavel~gth (ka = 3). The ground 
screen becomes even more effective as the elevation angle v is in
creased. Gases c and d show that the field of the elevated half
wave antem:i.a would equal the field of the grC'lll:ld. based one at an eleva
tion angle near 20°, and there would be an advantage in rais:ing the 
antenna to improve the low angle radiation. 
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RADIATION OF A M:.iNOPOLE ANTENNA 
IJII THE BASE OF A CONICAL STRUCTURE* 

by 
G.A. Thiele and M. Travieso-Diaz 

The Ohio State University E1ectroScience Laboratory 
H.S. Jones 

Harry Diamond Laboratories, Washington, D.C. 

ABSTRACT 

The point-matching technique is used to calculate the far
field patterns of a monopole located axially at the base of a per
fectly conducting cone. Agreement among experirrental patterl"6 and 
theoretical calculations was very good. 

TECHNICAL DISCUSSION AND RESULTS 

In this paper, the point-matching technique (Richmond, 1965; 
Harrington, 1968) is used to enforce the tangential electric field 
boundary condition at discrete points on the surface of a cone. 
The cone is excited by a monopole at the center of its base, as shown 
in Fig. 1. The current distribution on the monopole is assumed. 
That is, the interaction between the cone and the monopole is ig
nored. To facilitate the application of the point-matching technique, 
the cone is represented by a grid of wire segments as shown in Fig. 
1. Due to the synmetry of the problem, no wire segments are re
quired around the cone. 

In matching boundary conditions on the cone, we require that the 
tangential component of the field from the monopole cancel the tan
ge-ntial component of the field scattered by all the segments at the 
center of each segment. To obtain an expression for the near fields 
of a monopole placed on the positive z-axis with source at the origin~ 
one can start with expressions in Jordan (1950) using a current distri
bution of the fonn 

(1) I(z) = III sin (H-z) z > 0 
= 0 z < 0 

For the field scattered by a wire segment of lengths and having 
a constant current on it, one can use expressions given by Richmond . 
(1966}. 

ifhe work reported in this paper was supported in part by Contract 
DAAG-39-68-C-0061 between Harry Diamond Laboratories, and The Ohio 
State University Research Foundation. 
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z 

Fig. 1. 

Fig. 2. 

(a) Wire-grid model of 
the monopole and cone; 
(b) cone generating line 
showing position of segments. 
Experimental wire-grid cone. 

Thus, when the tangential electric field boundary condition is 
enforced at segment K, 

N 
(2) l SK.I.= - Einc. K = 1,2,···N 

j=l J J K 

wbere N is the total nunber of segments used to simulate the cone, 
E~nc is the tangential component of the field from the monopole, 
Ij is the undetenni ned value of the current on segment j and SK.; 
is proporti ona 1 to the field from segment j evaluated at segment K. 

Enforcerrent of the boun~ary condition at each of the N segments 
results in a system of N sirmJltaneous linear equations which may 
readily be solved for the N unknowns, Ij. Once the currents are 
known on the cone, the associated far-f, elds radiated by these cur
rents may be superimposed with the far-field of the monopole to 
obtain the patterns of the monopole-cone structure. 

Due to the synmetry of the problem, it is not necessary to 
solve for the currents on all the segments shc,.m in Fig. 1. If the 
same numer and size segments are used in each of the ten "generating 
lines" of Fig. 1, then the currents on each line will be the same. 
Hence, if there are M segments on each line and L lines, then 
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This permits us to reduce the nurrter of unknown currents to M, 
while the actual nurrter of unknowns is L-M. Furthennore, computer 
storage limits M, not L·M. For the-following power patterns, L 
was chosen to be ten. The cone of interest is actually the frustrum 
of a cone having a slant height of 30.511 , a base radius of 7 .211 , a 
half angle of 9.70, a spherical cap radius of 2.511 and a monopole 
whose length is between 0.203 and 0.312A. Patterns are taken at 
frequencies between 300 and 500 t½lz. 

Figure 2 shows the wire-grid experimental model. Not shown is 
the solid cone of the same size as the wire-grid model. Figure 3 . 
shows a typical comparison of the experimental patterns taken for 
the two models. Since agreement between them is good, one can de
duce that the wire-grid model closely approximates the solid cone. 

Figures 4 and 5 show two patterns where the monopole is a 
quarter wavelength. Both the experimental patterns for the wire 
grid cone and the theoretical patterns are shown. Agreement is 
seen to be good, particularly the locations of the pattern maxima 
and minima. 

Figure 6 shows patterns taken at 500 MHz for a monopole whose 
length is 'A./ 4 at 400 M-lz. Agreement is good except in the tip re
gion where the effects of the cable leaving the spherical c3p are 
thought to influence the pattern in this region. Further experi
mental work is needed to verify the extent of the influence of the 
cable. 

In conclusion, the point-matching technique has been applied 
to the problem of a cone excited by a monopole located on its base. 
A wire grid-model has been used for the theoretical calculations. 
Experinental patterns were taken for a wire-grid experimental model 
and alsc for the solid cone which it approximates. Agreement among 
the two types of experimental patterns and the theoretical patterns 
was good. 
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Fig. 3. Experimental com
parison at 400 MHz with 
a ')../4 monopole. 

Fig. 5. Patterns at 
350 MHz using a ')../4 
monopole. 

Fig. 4. Patterns~15t 
300 MHz using a A/4 
monopole. 

Fig. 6. Patterns at 
500 MHz using a .312').. 
monnpole. 
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REFLECTION OF WAVES OF ARBITRARY POLARIZATION 

FROM A RECTANGULAR MESH GROUND SCREEN 

G.A.Otteni 

HMES- General Electric Company, Syracuse, New York 

The reflection of plaJ'le electromagnetic waves of a.rbitruy polarization and incidence from an infinite rectan• 
gular mesh of small circular wires is treated. The screen is parallel 10 a plane earth so that the effects of i;round 
reflection are included. Some rcp1cscntativc results a:re shown. 

1. Introduction 

The theory of scattering ofan electromagnetic wave from a grating ofp3.I3llel wires has received considerable 
attention because of the possible applications of the diffraction and reflecting properties of such g;rids. A survey 
of the theory of wire grid effects has b.:en published by Larsen (1962) and some additional papers have been 
listed hen: as references. 

There appears to be little work published for scattering of waves of ai:bitrary polarization and incidence by 
parallel wire screens or scattering from crossed wire screens. This paper considers, in panicular, the reflection 
properties of a rectangular mesh of circ:ular wires for arbiaary polarization and incidence. lt should he noted 
that the theory also descn"bes parallel wixc g;rids when the limit of lar:;c spacin~ is taken for one dimension of 
the :rectangular mesh. 

2. Ma1h91Ntical Description 

The method of solution chosen for the problem is similar lo the approach used by Wait (1962) in describing 
a panllel wire grid except that the potential functions chosen here are dir1:ctcd normal to the screen so that the 
field expansions are in tenns of TE and TM modes with respect to the screen normal . 

• • 
9 I • • y .-ii-~ 
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•• • ••••• 
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h 

' INCIDOIT WIRE 
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• REGIONIXI) GROUND • • • ~J-L',k' 

FIGURE 1. Growut--saeoi geometry. 



-104-

The rectangular mesh has a cell dime,11don a by b and is located parallel lo and a distance h aboYc a homo
geneous ground region bounded by z-0. The wires arc of circular cross section of radius rand a.re a.ssumcd to be 
much smaller than any cclJ dimension of the screen. The limo and phase factors arc of the fonn: 

e iCwt -ic ·ul 

where u is the position vector from the origin of the Rctangular coordinate system. 
The description of each mode for expansion of the scattered field in Region (0), (see Fig, l) in terms of TE 

and TM modes, is given by the following relations where the summation indices n,m are not shown explic:itly: 

H = k 2 IP t c -r (Z•h) + R e -r (z+h) l 
z 1 h h f• 

E = -k 2 , j e -r (z-h) . R e -r (~h) l 
z 1 Vie l e f • 

~\ = ·jklr I/le {e•r(z-h). Ree -r (z+h1 •j2t,r<iz x k j_>wh l c •r(z•h>+ Rhe •r(z+h)J, 

where 

2 1- 12 2 1- 12 2 
kl =kl .k =k =w ,i.E, 

r = (k/ • k2) ½, 

Ye= L';e: , 2ii = j~,. are the n.t: wave adm.inances and TE w.avc impedances. respectively, and 

,J,e' ~hare the TM and TE wave functions. 

(2) 

(3) 

(4) 

The subscript t refers to the tranwcnc field components which are lhe fields par.iDe1 to the screen. Similar cx
pn:mons a.re valid for Regions (I) and (ll) except that for Rq:ion (11) the reOection coc:ffiiznu, R. are replaced 
by transmission coefficients, T, and the clectn,nuignetic parameters.,~. ,i.. k arc replaced by the corresponding 
primed ( ') quantiti~ _ _ _ 
~ boundary_ conditions at z=O CJ\ and E1-continuous) and al z=h (Et -continuous) give expressions for lhe 

reflection eocffic:ients. 

(S) 

(6) 

where the primes ( • ) refer 10 the c011esponding quantities for the pound region (Region II). 
II iS assumed that the field around cai:h wire iS uniform and the impedance bollnduy condition gives the total 

axial electric field along a wire as 
Z.I 

E=2~. 

for an axial cunent I 00wing on e:ach wire 0rr::uliu.s r 'With surface imped.mo: z .. In addition. it i:s uswned that 
the scatteffli field is not appreciably diffettnt from th.at of infinitesimal wires cinying a cun,::nt 1. The pDSSl"'ble 
cwrcnts in the azimt.tthal dm:c:tion uolllld each wire are neglected.. 

1.. 
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Calculations of the scalte.rcd field is made by a Green's function approoch {sec for example Collin) as.~uming 
that the amplitudes of the current modes ~ unknown. The expressions for the x-d~ctcd vector potential is 
given by (7) in terms of the unknowr. current mode amplitudes in the x direction with the time factor ciwt 
5Uppressed 

00 

A 
X 

: ,, 1: 
rr--oo 

(7) 

A similar expression holds for the y-dircctcd vector potential and in fact, all 1:xprcssions obtained for x can be 
u:.ed for y if the substitutions 

X+-- ➔ Y 

n+-- ➔ m 

a +-- ➔b, 

aie made. 
The scanercd elci:tric field is found from 

(8) 

(9) 

where A is the total vector potential fot the scn:en and the wave functions w . ,..h arc obtained by equating the 
expressions for scattered field at the screen. The incident pl:lnc wave i5 dcco~poocd into a TM and TE representa
tion. The incident and ground-reflected plane wave components arc added to the scattered and ground-reflected 
scanered field LO obtain an exprcs.sion for the total axial electric ficld at the surface oi each win: (z=h+r). The 
impedance condition is then used to solve for the cum:nt mode amplitudes and the effective rcllection for the 
TM and TE wave componcn~ arc then caJculated from the currents. 

The c;wrcnt mode amplitudes are given by 

E { e jk/h+r) . ~{ Roe e -jkz (h+t) + kv 2 R 
xo 2 2 oh 

-jk (h+r)} e z 
kt kt 

1xo """-----------......,.--------------2..vxo 

and Zwxo ~ Zwx I n==O : 

B ., -
X J<..M! 

(10) 

(11) 

(12) 

(13) 

(14) 

·' 

[ 
.l 
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where 

Roe Relm=n=o 

Roh= Rhlm=n=o, (15) 

k2•k2+k2 
t X y 

klx=kx+ 
2mr (16) 

a 

and k.1,y = ky + 
lm11 (17) 7, 

Similarly, the higher order cuncnts for the x directed wires arc: givc:n by 

B 
1 • xn 
xn zwxn • 

(18) 

Again, the expressions for the y directed currents may be obtained by using the relations of (8). 
If the cell dimensions arc both somewhat less than a wavelength, there will only be one dominant plane wave 

mode scattered from the screen :and the reilectcd plane wave will have the same values of k and k with k 
replaced by •kz. The higher order modes arc highly damped in the z direction if the cell dintensionl arc muat 
smaller than a wavelength and the field above the screen is e=tially a plane wave at a distance com:sponding 
to the largest cell dimension. The actual restrictions placed on the spacing can be obtained from the conditions 
that r be real when n and m arc not both equal to zc.ro. lt will be .sssume4 in the following that the cell climen
sions arc such that only the dominant plane wave is scattered. 

The reflection of the incident TM and TE plane wave modes may be obtain!XI simply from a knowledge of 
the zeroth order cUIIcnts on thi: mesh. The reOected components Ez and H2. for the combined ground--screer 
system are given by the followins expressions multipUed by the factor 

c -jkxx e -jkl: 

(19) 

__ l _ { kx 1yo . kv 1xo} Jejkzh + R e -jk h t e ·jkzz 
2k2. a b l oh 2. r • (20) 

where Ezo and Hzo arc the incident z componerns of the pl3ne wave field. 

Solutions of the equations dcscnl>ing 1,.0 and l O involve the inruute xts of =nts l and I . The zeroth 
order tenns can be solved by a pertu~bation tcch~ue using only a few terms if the cu~all otf ~pidly in 
magnitude with increasing order. 

·: 

4 
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3. Example Calculations 

The expressions obtained in (10)-(18) reduce to an equivalent form obtained by Wait (1962) ror parallel wires 
when the currents in the eroa wire~ arc set equal to zero or the spacing of theliC wires approw:hcs a very larsc 
value. In order tO compare the effects of par:allel wire and cross wire screens, the rcncction eocfllcicnts for the z 
component of electric field (TM rcQcclion coefficient) was alc:ulatcd for the s:i.me p111amctcrs and conditions 
used by Wait except that the direction of incidence was varied in azimuth from 0 to 90 degrees (parallel to per
pendicular for the panilld wires). Two values of elevation angle were used, 85 and 89 degrees with respect to the 
normal. The following ground and screen conditions were used corresponding to those of Wait: 

Freq11ency = 100 kHz. 
Ground conductivity• 5xJo·3 mho/m. 
Relative dielectric constant of ground • l S 
Grid wire Sp&Cing (a•O, b=2m.- panllel wire) 

(a•2m., b=2m. - square mesh) 
Wire n.dius r=2mm 
WI.re conductivity• 107 •!'ho/m. 
Height of screen h•.2 .. 4 . . 6 m. 

Tbe results of the computations are shown in Fig. 2 where the rctlec:tion from the ground-screen system had 
no appi:eciable Yllriation with the height h for the values of h ehosm. 

Magnitude 
• ..-..... ---,--..... ---,,---.--..,...-,--"""T-..,..----, 

'~~~ I A------+Jr-+-~+---+--+-----t--+---1 

i! ~-+-~1-::r:::;;+~r+--+-----i-+---i 

' I~~~ 

• 

-

• 

..... ' --
'\. 

\ 
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as 

RGURE 2. Ground-lCl'ttfl refleclion coeflici~t. 

4. Dia:uaion and Conclusions 

Phase 

~1 -- --1.tt -- ==--.:-..a. .. 
\ .~ , 

'\ 

'\_ 
....... --- ------- - .. • 

[tis appvent from the results of Fig. 2 that a panllcl wire ground scn:en system CUI become quite transparent 
at YeJ)' low eleYation ang:les if the angle of incidence differs greatly from the axis of the wires even though, in this 
case, the spacing of the wiles is 1/1S00 wavelength. It is :seen that the ground-screen system could produce less 
reflection than the groWld without the screen with conditions of low elevation angle. 

The squan:: mesh sc:reen plac:ed above the earth a fraction ofa wavelength here also becomes less desirable as 
a rcDectlng combination for incidence at 4S degrees v.ith respect to a wire axis. 

The calculations of the higher ort!t:l" ewrents indicated that for rectangular mesh spacings much less than a 
,11avelcngth these CWffllts were small .md did not contn1>1ne pP.tly to the calculations or the: zeroth order 

_ ~ts so _that only_ the additional term Iyo was needed to com:ct the o~ estimate for lxo· 

ne IIIICbm is gatd'al to Piof'essar R.E Collm f'oz bi. :mggations and disalmons of this wad::. 

l.an:n, Tove (1962), A survey of the theory of wile grid.s, IEEE Trans. M.ic:rowave Th. Tech, MTT-10, No. 3, 
l!H-201. 

Wwt. J.K. (1962), Effective im~ of a wire pid par.allel to the earth's surl'ace. IEEE Trans. Ant. Prop. 
AP-10, No. 5, S38-S42. 

Collin, R.E. (1960), Field Theory of Guided Waves, see.'5.6, (McGraw Hill, New York). 
Twllnk>', Y-xtm (1962), On scaner:mg ofwawes by tbe il:a&ll.itepadac of circular cyJinckn. IEEE Trans. ADL Pmp,. 

AP-10, No. 6, 737-766. 
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CURRENT DISTRIBUTION AND INPUT ADMITTANCE OF A CYLINDRICAL 
ANTENNA IN A GYROTROPIC MEDIUM 

* H. S. Lu and K. K. Mei 

ABSTRACT 

A finite cylindrical antenna of arbitrary orientation in a gyrotropic 
medium is solved as a boundary value problem using a numerical techni
que. The kernel of the integral equation is obtained from an approxi
mate dyadic Green's function of Maxwell's equations for the medium.· The 
results indicate that the quasi-static theory gives correct results for 
kr.<0.20 radian. In the hyperbolic region the input resistance also 
shows the trend of approachi_ng infinity for an infini tes:i:mal dipole. 

Introduction 

When a cylindrical antenna is immersed in a gyrotropic medium. a major 
difficulty in predicting the behavior of a source is the determination 
of the correct current distribution on the source. Hurd (1965), by a 
Wiener-Hopf technique, and Lu and Mei (1968), by a numerical technique, 
studied the current distribution on a cylindrical antenna in a uni
axial medium. Lee and Lo (1966) and Graff (1967) investigated that of 
an infinitely long antenna in a plasma with applied d.c. magnetic 
field along the axis of the antenna. Aoki (1966) also investigated. 
that of a finite cylindrical antenna. 

An integr~l-differential equation associated with the antenna of ar
bitrary orientation in a gyrotropic medimn is formulated and solved 
numerically. The kernel of the equation relates to the second order 
Green's dyadic of Mei's (1966). The input impedance of a short antenna 
in a hyperbolic region has also been studied. The result indicates 
that the input resistance increases and independs on the off diagonal 
term of the permittivity tensor, which confirms the formula given by 
Balmain (1964). • 

Integro-differential Equation 

Mei (1966), by a perturbational method, showed the solution of the 
Green's function of the vector wave equation, 

- V x V x G(r/ro) + w2µ~ • G(r/ro) = Io(r/ro)· 
is n 

G(r/r0) = £. (I + ~) • [i · (I + ~)] C:,0 , 
n=O k k 

where 

(1) 

*Electrical Engineering and Computer Sciences and the Electronics 
Research Laboratory, ·university of California, Berkeley, California. 

Research sponsored by the National Science Foundation 1D1der Grant 
GK-2553. 
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n 
[

e -j rp~r-ro] 
¢,n = (-l)n _! _a_ 

n! apn -4ir(r-r0) 2 p=k 

e:l +je:12 0 0 +jy 0 

£. = -j€ 12 e:l a §.= 
(£-£1 I) 

~ -jy 0 0 • e:l 
o· a E:3 a 0 03 

and k 2 = w2µ 0e:1 . To simplify numerical computation. Mei also gave a 

second order solution, which contains at least the first three terms 
of Equation (1). 

The antenna, in this paper, is assumed to have length 2h, radius a 
and to be center-fed by a voltage V across a gap. Its axis is taken 
to lie in x2X3 plane and is inclined at an ~gle W with respect to 
the x3 axis as shown in Fig. 1. The antenna is also assumed to be 
thin, so that the current density can be considered uniform around 
the circumference and that ilie end effect can be neglected. For con
venience, we shall use the cylindrical coordinate (P,9,Z) of which 
Z-axis coincides the axis of the antenna. and the positive x1 axis 
lies on the plane e = 0. Through matching boundary condition and 
transforming the coordinate one obtains· an antenna integro-differen
tial equation as 

jwµ ff[__!.2:.cp(l) + "az 9(2) + 4>(3)7 J(z')dc'dz' = - Einc (2) 
O L C k 2 az2 0 j 

where 

q> (1) = 

_ y CX2-x;)Exp(-jk✓l+y(6'3-11)/63R (n)) 
sin w ------------___;~-

16'rro3✓1+n R(n) 

+ (-2) 
_ YCX2-X~)Exp(-jk/l-y(63-n)/63R(n)) S1ll ~ __________ ;;..._ _ ___; ___ _ 

16ms3✓1+n R(n) 
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(X -X') 2 
3 3 
l+a 

It should be noticed that the Eq. (2) is not diTec~ly derived from 
Mei's second order Green's dyadic but ra~her from a modified second 
order Green's dyadic. We shall assume E½nc to be zero except at the 
gap, and the integration~ de' in Eq. (2) represents the integration 
around the periphery of the cylinder. Equation (2) can be sotved using 
the well-known numerical technique. 

Some Results 

The range of o3 in which Eq. (2) is applicable may be estimated by 
comparing the solution of Eq. (2) with that obtained from the exact 
equation in the case of a uniaxial medium. It is found that, when 
kh<3.14 rad., the error in IY inputJ is less than 10% as -0.6<63 
<1.2. We will estimate the range of y to be IYI < 0.6. Some repre
sentative results are shown in Figs. (2) and (3). 

When o3 < -1.0, most invest_igators (~.g. Balmain, Staras) found that 
the radiation resistance of a point dipole is infinite, while Lee 
and Papas (1966) claimeci. otherwise. This paper tries to resolve this 
problem by calculating the input resistance of the dipole. Although 
Eq. (2) is unable to· deal with this problem, one can obtain an equa
tion by considering the solution to Eq. (1) to be perturbation of 
the solution to a Wliaxial medium. Some results are shown in Fig. (4). 
The values of the input impedance obtained from Balmain's formula 
are also given on the same graph. It is found that input resistance 
as well as the reactance increase and almost independs on y for shoTt 
antennas. This con:firms the Ballllain's fo:rmulation_. which is obtained 
by using quasi-static electromagnetic theory. Fig. (4) also indicates 
that Bal:main's fo:rmulation gives rather accurate results, when kh 
< 0.20 radians. • 
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NUMERICAL SOLUTION OF DIPOLE RADIATION IN A COMPRESSIBLE PLASMA WITH 
A VACUUM SHEATH SURROUNDING THE ANTENNA 

S. H. Lint and K. X. Mei* 

ABSTRACT 

The results of an investigation of a dipole anteJllla with a vacuum sheath 
in a compressible plasma are presented. The problem is formulated in 
a set of four coupled integral equations and solved numerically by the 
method of collocation. The results include the effects of the vacuum 
sheath and the collision loss on the input impedance and the maximum 
driving voltage of the antenna. 

Introduction 
In a previous paper (Lin and Mei, 1966), we have presented the results 
of the numerical solution of a sheathless dipole antenna immersed in a 
homogeneous, compressible, iossless plasma. It is the objective of this 
paper to present the results of an investigation of the effects of the 
ion sheath surrounding the antenna and the collision loss on the antenna 
performance in a compressible plasma. The model is a finite length cy
lindrical antenna in an isotropic homogeneous compressible lossy plasma 
with a finite length cylindrical vacuum sheath surrOUDding the antenna. 

Antenna Configuration 

The geometry of the cylindrical 
plasma is shown in Fig. l. We 
shall consider the antenna as a 
scatterer which is illuminated 
by a finite source M8 . If 
- V ,., jwt 
Mg= - ~* e is a band of 
magnetic current of width o 
and is wrapped around the cy
lindrical scatterer, it is 
equivalent to an antenna ex
cited by a tmiform axial 
electric field V/o in a gap 
of width o, where Vis the 
applied voltage. The region 
Vi is the antenna body made 
of perfect conductor, V2 is 
the vacuum sheath and V3 is 
the homogeneous isotropic 
compressible lossy plasma. 

antenna with the vacuum sheath in the 

Fig. 1. Configuration of the dipole an
tenna with a vacuum sheath in the pl8.Sl!la 
with the ~sociated parameters. 

Research sponsored by the Joint Service Electronics Program tmder Grant 
AFOSR-68-1488. 
tIBM Fellow 
*Department of Electrical Engineering and Computer Sciences, Electronics 
Research Laboratory, University of California, Berkeley 94720 
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Integral Equation Formulation of the Multi-region Boundary value Problem 

The set of basic equations to describe the fields and the sources in 
the plasma consists of the linearized hydrodynamic equations and 
Maxwell's equations. These equations are the same as the set of equa
tions (2) in (Lin and Mei, 1968), except that we have introduced a 
damping term, nomvv in the last equations of the set (2) to account for 
the collision effect, where vis the effective collision frequency. 

The equivalent source principle (Harrington, 1961; Schelkunoff, 1939) 
is useful when dealing with boundary value problems in electromagnetic 
theory. The application of the equivalent source principle to the in
tegral equation formulation of multi-region boundary value problems is 
resulted from Mei's lectures on "Boundary Value Problems in Electro
magnetic Theory" at Berkeley. The advantage of this approach lies in 
the silllplicity of the kernels in the integral equations. Even though 
the multi-region boundaxy value problem involves several types of media, 
the kernels are the well-known Green's functions, or their derivatives, 
of the Helmholtz equation in an infinite homogeneous medium. 

Cohen (1962). Carlin and Mittra (1967) have generalized the equivalent 
source principle to include the problems involving £_ompressible plasmas. 
Based on the inhomogeneous Helmholtz equations for H(EM wave) and n! 
(electro-acoustic wave) (Lin and Mei, 1968; Carlin and Mittra, 1967), 
and the equivalent source principle, the total fields in the plasma 
region V3 and the sheath region v2 can be represented as the integrals 
of folll' unknown functions (i.e. tlie equivalent sources) and the primary 
driving source Mg with the appropriate kernels. The four unknown func
tions are: (1) Jz(z) the current distribution on the antenna surface S12. 
(2) Ez(z) the tangential electric field on the surface S23, (3) Ht(z) 
the tangential magnetic field on the surface S23, (4) n1 (z) the syste
matic variation of the plasma electron density distribution on the 
surface S23-
The boundary value problem posed is then formulated in a set of four 
coupled integral equations by enforcing the following boundary con
ditions on the integral representation of the fields on the surfaces 
S12 and S23: {I) the continuity of the tangential electric field at 
the surface S23, (II) the continuity of theAt~gential magnetic field 
at the surface Sz3, (III) the v~shing of n•V on the surface s23 
(assuming rigid boundary), (IV) n x H =Jon the antenna surface sl2. 
The set of the four coupled integral equatj_ons written in a symbolic 
form is: 

1 (2 + T11)H$(z) + T12Ez(z) + T13n1 (z) = O 

l . .inc 
(2 + T2l)H~(Z) + T22Ez(z) + T24Jz(z) = tt¢2 (z) 

l T31H~(z) + (2 + T33)n1(z) = 0 

T41H~(z) + T42Ez(z) + (~ + T44)Jz(z) = H!~c(z) 

' 

j 
If 
I 
f. 
l 
J 
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where the Tmn's are the integral operators. The integrations are 
taken over the s1:1-Z'face S23 o~ S12 depending on the functions on which 
they operate. ~C(z) and ~~C(z) are the primary fields_on the sur
faces S12 and S23 produced by the antenna driving source Mg. The 
explicit expressions of these integral equati~ns are rather lengthy 
and will be reported in a later paper. 

This set of integral equations is solved numerically by the method of 
collocation using finite zoning functions and quadratic interpolations. 
This numericla procedure is described in (Lin and Mei_. 1968). Readers 
interested in the details of this method are referred to the refer-
ences (Harrington, 1968; Hildebrand, 1965; Lin and Mei, 1968; Mei, 1968). 

The Input Impedance and the Upper Bound of Driving Voltage 

For the range of the antenna parameters considered in this paper, the 
general shapes of the electric current distribution and the electron 
density distribution on S23 are very similar to those of sheathless 
model (Lin and Mei, 1968), except t.hat some perturbation is introduced 
by the presence of the sheath. 

The definition of the maxi.mum driving voltage is explained in (Lin and 
Mei, 1968). Fig. 2 shows the maximum driving voltage and the input 
impedance as a function of sheath thickness ts= b-a/a for a dipole an
tenna of total length 2L = Ap/2. The comparison of the results for the 
sheath and the sheathless models, Fig. 2 shows that the vacuum sheath 
has a screening effect which reduces the input resistance., makes the 
short antenna more capacitive, and raises the upper bowid of the an
tenna driving voltage. A similar screening ef£ect has also been found 
in the analysis of spherical antennas by (Wait and Spies, 1966) and of 
prolate spheroid antennas by Lytle (1968). Fig. 2 also indicates that 
the rate of increase of Vmax is greater than the -rate of decrease of 
input resistance R. This fact suggests that a dielectric coated di
pole antenna in a warm plasma can be operated at a higher power level 
than an wicoated antenna in the plasma and still satisfy the lineari
zation assumption. 

Collision Effect 

Fig. 3 shows the collision effect on the input impedance as a function 
of wii/w2. The Debye length AD rather than Ap is used as the reference 
of antenna dimensions in Fig. 3 because Ap looses its meaning when 
wlfw2 > 1. It is seen that the resonance effect of a lossless plasma 
oh the antenna impedance at~ is damped out when the normalized colli
sion frequency is significant (v/wp = 0. 2). 

We also observe that for short antennas (L = 3.84Ao) the input reactance 
which is capacitive., does not change sign at w = ~- This behavior 
of input reactance near wp is in agreement with t:l:iat for short dipoles 
and small spherical elect~odes found by Balmain (1965~1966), but is in 
contrast with that for infinitely long cylindrical anteJlJ'l..a found by 
Miller (1968). This seeming conflict can be resolved by the varia
tional analysis of antenna impedance by Carlin and Mittra (1967). 
Bal.ma.in (1965), Carlin and Mittra (1967) have shown that the total 
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1.0 20 ~o 4.0 t5 ...... Q2 0.4 Q6 QB 1.0 <JJp2 

Fig. 2. Input impedance and Y:max 
of an antenna of L = An/4,. 
a= ¼Pf75, o = 4a,. CN;, = 1000,. 
~/w2 = o.s .. v/wp = o. 

Fig. 3. Input impedance of an 
antenna of L = 3.~Ao, a= 0.204A0 , 
6 = 4a, C/V0 = 1000,. 
solid lines: v/oo = 0.2 .. t 5 = 3,. 
dashed lines: v/~ = 0, t:s.., 0. 

impedance Zin contains a component ZJEM due to Bl wave and a component 
ZJP due to the electro-acoustic wave. Their results indicate that the 
reactive part of ZJEM changes sign at w =~ .. but the reactive part 
of ZJP does not. It is also well-known that EM wave dominates when 
the antenna is long whereas the electro-acoustic wave dominates when 
the antenna is short. Therefore,. the input reactance of short antenna 
may not change sign at '°P. 
Concluding Remarks 

For the probing of the tenuous plasmas in the upper ionosphere, the 
solar wind and the interplanetary m.edia by the spacecraft borne an
temias, the electron kinetic temperature is high and the plasma frequ
ency is so low that the electro-acoustic wavelength is comparable to 
or greater than the antenna length (2 ... 3 meters). The interpretation 
of the experimental data in these situations DR1St take into account 
the screening effect 0£ the sheath and the fact that the input reac
tance may not change sing at (I) = ~• the collision effect may signifi
cantly damp out the anti-resonance behavior of Zin at w = Cllp even 
though the collision frequency is low. 
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PLANE WAVE SYNTHESIS OF 
PLASMA COATED APERTURE ADMITTANCE 

AND RADIATION PATTERN 

by 

H. Hodara 
Tetra Tech, Inc. , Pasadena, California 

and 

D. Damlamayan 
Caliiornia Institute of Technology, Pasaden.a, California 

ABSTRACT 

In this paper we present a method for calculating the aperture 
admittance and radiation pattern of radiating apertures in flat 
planes coated with plasma slabs, by-pas sing the boundary value 
approach. We show that the aperture adrn.ittance and radiation 
pattern can be described by expressions involving the spatial t~·o 
dimensional Fourier spectrum of the aperture electric field anc. 
the two plane wave reflection and transmission coefficients of 
the slab for each of the two independent incidence directions of 
polarization. The method has obvious advantages· It is valid 
for inhomogeneous as well as turbulent plasmas in the direction 
perpendicular to the aperture; it is a perfect match for modern 
computing routines since plane wave reflection and transmission 
coefficient programs in. stratified plasmas are already available: 
it: yields the radiatior_ directly through a trivial integration. , 
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DIGEST 

z 

where u ='·cl!ls8, "v =.s0s8, w = c9, p = s9 = j u 2 + v 2 

Superposition of Pl.ane Waves 

-y 

W "th iWt d • 1 e depen enc1es, a bunch of plane waves arriving at: 0 at 
z = o are c,f the form 

ikor _ ik0 (wc + vy) 
e I - e • 

z =o 

.AssUine a prescribed field in the z =o plane. It can be syntb.etized 
as a superposition of two sets of plane waves with polarizal:ion 
perpendicular to the plane of incidence (E9) and parallel to it (E9). 
The total field in t.he plane is: . 

2 rs J~ il,.(ux+ vy) E(x. y, o) =k0 J ~(l +r0)e ~ • 

+ ~(I +r8 )eiko(ux+ vy) }dudv (la) 

Similarly, 
2 JJ{,,.. r ik (ux + vy) H(x, y. o) =k0 ~(l - 0)e 0 

+ EeO -1a)eiko(ux+ vy) }dudv (lb} 

-----------------------------------------------
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The reflection coefficient r is a function of 9 and 0 or u and v. It 
is the reflection coefficient foraplanewavewithdirectioncosines. 
u and v incident on a plasma slab. The slab does not have to be 
homogeneous in the z direction. 

Defining a Fourie1· transform: 

E(u,v) = l/(2n/ Jj E eiko(ux+vy)dxdy (2) 

We now adjust each plane wave field amplitude so that the total 
field is identical with the prescribee field in the z = o plane. 

~ A A ' 
E(u,v) =E0(1 +r0)+ E 9 (I +re) 
,., ,... ,.. 
H(u. v) = .!!q, (1 - 11 ) + !!a {l - re) 

In terms of cartesian coordinates we have: 
,._ A A 

Ey=Ee(l +r9 )s0c8 +E0 (1 +r0)c0 
A ./'-. A 
Ex= Ee (1 +r9)c0c9 - E!lJ{l +r0}s0 

Since for plane waves. Y = VF: /µ 
O O 0 

A A 

H9 = YoE0 • 

We have 
A 
Hy= Y 0 E 0 (1 - r 0)s0c9 - Y 0 E 6 (1 -r6)c0 
,,..,. 
Hx = Y0 Ee,(l -r0 )c0c9 +Y0 E 9 (1 -r9 )s0 

Aperture Adtnittance 

(3a) 

(3b) 

(4a) 

(4b) 

(5) 

(6a) 

(6b) 

Without loss of generality, assume an aperture field distribution 
in the plane such that E = 0. Such a case is illustrated below: 
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The aperture admittance expressed in stationary form 1s 

(7) 

jrJrE H pdpd0 
Y = (2nk )2 Y x (8) 

ext o V 2 
0 

where 

(9) 

The terms in parenthesis are recognized as plaa.e wave admit
tances respectively for TM mode (E parallel to plane of incidence) 
and TE mcde (E perpendicular to plane of incidence), 

- Y ™ _ __:]_ - _!_ I - re 
YM- Y 0 -E9ce -c9 ~ 

Y TE He c9 l - r 0 
yE=¾ =~ = c9 ~ 

Finally, 

or 

y t= (2nk )2Y JCD J IE\/v212ryM(u,v) 2 v2 2 
ex o o = 0 - u +v 

2 
+ yE(u,v) 2u 2 ] dudv 

u +v 

Radiation Field 

(1Oa) 

(1 Ob) 

(12) 

The transmitted wave in the region :z;~ dis according to Fourier's 
superposition [ 2 2 

E{r) =k2 \J {E T +E T ) eikoz.Jl - (u +v ) 
-- a J -0 0 =e 9 

eiko(u.x+vy) dudv (13) 
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where T 0 and T 9 a:-e the slab transmission coefficients as a 
function of angle for polarizations perpendicular and parallel to 
the plane of incidence. The far field is given by: 

/\ A 

= k 2 s.r { -Exv + Eyu 
E(x,y,z) J 

o ✓ 2 2 

+ 

U + V 

,A .,... 

Eu+ EV 
X 

J 2 2J2 2 1-u -vu +v 

The stationary values for large r in the evaluation of these 
integrals are 

u = s9 c0 , v = s9 s0 
0 0 0 0 0 0 

(14) 

(15) 

Thus, only one plane wave out of the continuum, with directions 
given by Eq. 15, contributes to the far field, yielding 

i(2n)2 "k .,.,_ "- T0 
Er.1 =-"--___,;.- e 1 or (-E s0 + E c0 ) ~1 + c9 

-µ ). r x o y o -1 + .l0 o 

Conclusions 

We have synthetized the near field in terms of a sum of plane 
waves over an angular spectrum. The extent of the spectrum. 
depends on the aperture distribution. In the full paper we show 
how the spectru.-n can be approximated by a few discrete plane 
waves. Of course, only one of these waves whose ray is in the 
direction of the observation point in the far field contributes to 
that field. 
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RADIATION CHARACTERISTICS OF A 
SLOTTED GROUND PLANE INTO A 

TWO-FLUID COMPRESSIBLE PLASMA 

K. R. Cook 
Colorado State University 
Fort Collins, Colorado 

Abstract 

R. B. Buchanan 
Sylvania Electronics Sys. 

Mountain View, Calif. 

A theoretical investigation of the radiation from 
a slotted ground plane covered with an infinite two-
fluid compressible plasma has been conducted. Emphasis 
has been placed on the frequency spectrum near and below 
the ion plasma frequency. Preliminary results indicate a 
significant amount of power may be radiated in the ion
acoustic mode. 

Introduction 
In a two-fluid compressible plasma two longitudinal waves and 

one transverse wave may exist. The longitudinal waves represent 
collective motions of the electrons and ions, denoted hereafter as 
the electron-acoustic and ion-acoustic modes. The transverse wave 
is denoted as the optical mode. The optical and electron-acoustic 
modes ex~erience cutoff at the hybrid plasma frequency, defined as 
wc = (we + w12) 1l 2 where we and Wi are the electron and ion plasma 
frequencies. However, the ion-acoustic wave propagates with a zero 
cutoff frequency. The zero cutoff frequency and the relatively 
short wavelength of the ion-acoustic mode indicates possible diag
nostic or communication applications for these waves below the 
plasma frequency. However, kinetic theory must be utilized to 
account for losses due to Landau damping of such waves. 

Related Previous Work 
Seshadri (1965) considered the radiation of an infinitesimal 

electric dipole in an unboUDded cwo-fluid compressible plasma. 
His results indicate that a large amount of power is launched into 
the ion-acoustic mode. However~ his results were based on a 
collisionless hydrodynamic model. He also assumes that Landau 
damping will be nominal below the ion plasma frequency for the 
ion-acoustic mode. 

Sessler (1966) conducted experiments in an rf gas discharge 
plasma having an ion plasma frequency of about 1 :MHz. The trans
·aucers used for launching ion-acoustic waves consisted of wire 
grids excited by an 0.1-10 MHz generator. Detection was achieved 
by a similar transducer. His results indicate that well below 
the ion plasma frequency the loss mechanism is dominated by 
collisions. Landau damping becomes the dominant loss factor near 

···--·---------------- ------------------- I ', 
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the ion plasma frequency as predicted. However, his experimental 
results showed that the attenuation decreased with increasing 
frequency, contrary to theoretical predictions. Measured phase 
velocities compared well with theoretical predictions. 

Alexeff et. al. (1968) have investigated the effects of 
electron temperature on ion-acoustic wave propagation in a dis
charge plasma and were able to accurately measure the phase 
velocity and attenuations for frequencies well below the ion 
plasma frequency. In plasmas having electron densities of 108 
1010 cm-3 , pulses of rf energy were transmitted over a dista~ce 
of 20 cm. The measured phase velocity and attenuation compared 
favorably with kinetic theory precictions. The transducers in 
their experiments were negatively biased probes extending into 
the plasma and excited by a pulse generator. 

In many diagnostic or communication applications it is not 
practical to extend probes into the plasma. The following dis
cussion considers the use of a slotted ground plane contiguous to 
an infinite plasma as a transducer for launching ion-acoustic 
waves for purposes of diagnostics or communications. 

FORMULATION OF THE PROBLEM 
Consider a ground plane coincident with the x-z plane with an 

infinitesimal slot lying along the z-axis. The region y > 0 con
tains a two-fluid compressible plasma described by the linearized 
hydrodynamic equations. The slot has an uniform electric field 
oriented in the x-direction, normal to the slot a.xis. 

It is assumed the ground plane is negatively biased and that 
no sheath exists at the surface y = O. Furthermore, rigid bound
ary conditions are imposed on the ground plane. 

The fields in the plasma are represented in terms of three 
potential integrals describing the two longitudina~ acoustic 
modes and the transverse optical mode. The radiation structure 
for the three modes has been evaluated by the method of steepest 
descent. However, since only the ion mode is of interest, the 
following discussion will concentrate on the results describing 
the ion-acoustic mode. A real pole of the integrand was found 
near the ion mode wave number signifying a surface wave with a 
phase velocity near the ion-acoustic velocity. At the present 
time a rigorous investigation of the surface wave structure has 
not been completed. However, since the main concern of this pre
liminary investigation is the radiation mode, the surface wave 
structure will not be discussed. 

NUMERICAL RESULTS FOR THE RADIATION MODES 
Numerical evaluation of the radiation integrals was conducted 

for a dense plasma having an electron density of 1.5 x 1014 cm-3 ; 
ion thermal speed of 4.2 x 103 m/s; electron thermal speed of 
6.74 x 105 m/s and an ion mass of 2.34 x 10-26 kg. These data 
produce an electron plasma frequency of 110 GHz and an ion plasma 
frequency.of 690 MHz. 

" ! 

' . f 

J 
:.1 
" ,1 

1 
' • j 
( 

~ 
1 

) r. . 
·' 

.. .., 



-124-

Turo radiation patterns for the ion-acoustic mode are presented 
in Figures 1 and 2; representative of a frequency spectrum from 
approximately 8 Mliz to 1. 6 GHz. It is anticipatad that collisional 
losses would become severe for frequencies below this spectrum and 
Landau damping becomes severe above this spectrum. The patterns 
become increasingly sharper for higher frequencies and there is a 
very narrow null broadside to the slot. However, these patterns 
should only be interpreted as ~ndicating the general pattern 
structure in view of the fact that no loss mechanisms have been 
accounted for in the calculations. The power densities are 
relative to one watt/m2. 

In Figure 3, peak power densities are plotted for the ion
acoustic, electron-acoustic and optical modes. Again, it is 
aLticipated that ~he acoustic modes will suffer heavy attenuation 
due to Landau damping over certain frequency spectra. In partic
ular, the electron-acoustic mode may suffer heavy attenuation 
except for a very narrvY frequency band just above the electron 
plasma frequency. Note that the optical mode power is propor
tional tow for wli»pe >> 1 while the electron-acoustic and ion
acoustic modes are proportional to l/w for high frequencies. 
Also, the acoustic-type modes have a maxi.mum slightly above the 
plasma frequency. Although not shown in the plot, the ion
acoustic mode approaches zero as w tends to zero. However, below 
the frequency spectrum shown, collision losses will be severe and 
this region was of no interest in the present calculations. 

CONCLUSIONS 
Within the limitations of the hydrodynamic model, it has been 

shown th~t a significant amount of power may be radiated into the 
ion-acoustic mode by a slotted ground plane contiguous with a two
fluid compressible plasma. Based on experimental results of other 
researchers, it is anticipated that below the ion plasma frequency 
the raciiated energy will not suffer from heavy attenuation due to 
collisions and Landau damping. If so, the ion-acoustic system ma~ 
provide possible diagnostic or communication methods two or three
orders of magnitude below the electron plasma frequency. However, 
kinetic theory must be used to investigate the propagation 
characteristics in~this frequency spectrum. 
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STUDIES OF VLF RADIATION PATTERNS OF A DIPOLE 
IMMERSED IN A LOSSY MAGNETOPLASMA 

D. P. GiaRusso 
J.E. Bergeson 

Boeing Scientific Research Laboratories, Seattle, Wash. 

Abstract 

Power patterns are presented for VLF radiation (500 Hz to 
30 kHz) from magnetic and electric dipole sources in a two
component lossy magnetoplasma. The patterns show that energy_ 
tends to be transported primarily along the magnetic axis of a 
confinement cone £er higher VLF frequencies, but that the in
clusion of ion motion destroys the confinement cone for extreme
ly low frequencies. 

\ 

The subject of electromagnetic radiation from sources em
bedded i~ anisotropic media has been extensively discussed in 
the lite~ature. Of particular interest today are the radiation 
patterns\of localized sources immersed in plasmas which become 
anisotropic by virtue of an impressed magnetostatic field. 
This interest is practical, as well as academic, since satel-. 
lite-to-s~tellite and satellite-to-ground or undersea communica
tion problems require a thorough understanding of radiation pat
terns in ionospneric or magnetospheric plasmas. 

The purpose of this study is to construct some represent
ative far-zone radiation patterns (radial Poynting vector com
ponent) for monochromatic VLF radiation from dipole sources in 
a lossy magnetoplasma. The effects of ion motion and a finite 
collision frequency are included in the calculations. Driving 
frequencies between 500 Hz and 30 kHz have been chosen for in
vestigation. Two sets of plasma parameters {plasma frequency, 
gyro frequency, and collision frequency) were used in the study; 
one set is descriptive of a magnetospheric plasma at a height of 
6500 k:Jr. and the other of an ionospheric plasma at a height of 
1500 km. In constructing the radiation patterns, it was assumed 
that the plasma respcnds linearly to the (weak) electromagnetic 
disturbances excited by the dipole source, i.e., that the plasma's 
properties ne adequately characterized by a relative permittiv
ity tensor C • It was also assumed that the plasma is homoge
neous and of infinite extent, and that its temperature is low 
enough that electron thermal velocities may be neglected. 

From Maxwell's equations it follows that the wave equation 
:for the electric field in an anisotropic homogeneous medi.um with 

+-+ relative permittivity tensor C, free space permeability µ and 
" 0 



free space permittivity e: 
0 

is 

+ 2 - .... 7x('i7x E) - w J.1 e:: C, •E 
0 0 

= - iwµ j 
0 ..... 

The general solution for E (since 
ear and the medium is unbounded) can 

Maxwell's equations 
be written as, 

+-+ r ..... -+ ............ 
E(r) = ...,. dr' r (r,r')•J(r') 

j ·, I 

are lin-

+--;. -+ 
where r i~ a dyadic Green's function, J is the sourc~ current 
density, r specifies the observer's position, and r' refers 
to the coordinates of an element of source current.:.+ !h~re are 
seve_ral ways of determining the Green's function r (r, r') in 
che expression above. The basic method used for this study, an 
asymptotic ev~l~ation of the exact plane wave integral represen
tation of f(r,r'), was first suggested by Bunkin (1957), was 
later modified by Kuehl (1960), and has been used successfully 
by Mittra and Duff (1965). 

The results of this study are summarized in figures 1 
through 5. 

z Bo 

I 

" 
y 

Fig. 1 - Typical three-dimensional power pattern for driving 
frequencies ,in the 5-30 kHz range. 

Figure 1, which is representative of the power patterns for 
higher frequencies within the VLF range, shows that power tends 
to flow primarily along the magnetic axis of a confinement cone 
w1th apex at the dipole. The half-angle of this cone varies 
with the plasma parameters but is usually taken to be about 19°. 
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The existence of such a confinement cone is, of course, well 
known and has been discussed extensively in the liternture. The 
axial power beam is intense for dipole orientation perpendicular 
to the magnetic field; it vanishes when a magnetic dipole is par
allel to the field, but is still present when an electric dipole 
is parallel to the field. The figure also shows that there is 
an apparent enhancement of radiation intensity in the region near 
the confinement cone, and that a conical "spike" or "ring" cf 
enhanced radiation intensity may exist within the confinement 
cone. The propagation angle of the radiation "spike" with re
spect to the d-c magnetic field is a function of the plasma pa
rameters. Such spikes are associated with the fact that the 
refractive index surface may become very large (open branch re
gions) at certain propagation angles. 

Figure 2 displays a typical refractive index surface for 
the plasma parameters and driving frequencies applicable to fig. 
1. 

( ( (;;+;\\\ \ 
Fig. 2 - Representative refractive index surface (real part) as-

sociated with the power pattern of fig. 1. 

Figures 3 a~d 4 reveal that the inclusion of ion motion destroys 
the confinement cone at extremely low frequencies (500 Hz is 
used for these figures). 

Fig. 3 - Power pattern for a magnetic dipole (dipole axis per
pendicular to the d-c magnetic field) in a two-compo
nent magnetospheric plasma. The outer curve corresponds 
to the lossless case, the inner curve to a slightly 
lossy case. Dipole driving frequency is 500 Hz. 

' _..;_ ____ _.__.__.. ........ =======-'---'"--=========---------------.a·========------------"'- -

.,. ... 



-130-

10 

Fig. 4 Electric dipole power pattern analogous to fig. 3. 

Figure 3 gives power plots for a magnetic dipole immersed in 
both lossless and lossy two-component plasmas while fig. 4 gives 
power plots for an electric dipole in the same two plasmas. 

Cl 

Fig. 5 - Power patterns for a magnetic dipole (dipole axis per
pendicular to the d-c magnetic field) corresponding to 
heights of 6500 km and 1500 km. Dipole driving fre
quency is 30 kHz. Losses are included. 

Figure 5, which superimposes power patterns for a magnetic dipole 
in both magnetospheric and ionospheric plasmas, shows that power 
absorption is much greater in the latter medium due to the higher 
collision frequency. It also appears as though the axial beam 
intensity is greatly reduced in plasmas typical of the upper 
ionosphere (at 30 kHz). 

Some notes of caution should be mentioned regarding the 
validity of the power patterns in certain regions. Strictly 
speaking, the plots become inaccurate for three different lim
iting situations: 

(a) 
(b) 

and (c) 

as the polar angle, e, approaches zero 
as e approaches the confinement cone 
for e associated with an open branch region of the 
refractive index surface. 
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These situations correspond, of course, to just thost regions in 
fig. 1 where the power intensity is greatest. However, the work 
of others (particularly Arbel and Felsen) has shown that power 
enhancement in these regions actually exists-- at least within 
the restrictions of small signal analysis. 

Finally, it should be emphasized that spatial interference 
effects, which a~ise from the superposition of several contri
buting far-zone waves, have not been considered in constructing 
the power patterns. The patterns represent, when ap?licable, the 
sum of the individual time average radial Poynting vectors of the 
far-zone waves. 

An extensive discussion of this study has been given by the 
authors in a report which is listed in the references. 
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SOME FEA!rURES OF ELECTROA.COUSTIC WAVES 
EXCITED BY LINEAR ANTENNAS IN HOT PLASMA 

by 

V~L.Talekar 
Plasma Physics Division 

Ma.l.aviya Regiona1 Engineering College 
J &ipur, India 

ABSTRACT: When a radiatiDg sou.r.c:e is immersed in an isotropic 
compressive plasma, a longitudillB.l. e1ectroacoustic wave :may be 
e:xci ted in ad.di tion to the usual electromagnetic wave. !rhe 
present communication dea1s with some feattire s of the electric 
field associated with electroacoustic waves excited by linear 
aIIteimas. It is shown that the distri. bution o:f the f'iE::ld is 
oscillatory with discrete ray l.ike structure, and that the 
max:i.mmn occors almost in the broad side diz-ection. 

INl'RODUCTION 

The excitation of e1ectroacoustic wave in a hot p1aama 
by an electric source has be~n the topic for early studies b;y 
several workers (Wait, 1965; Cook am Edgar,: 1966; Talekar am 
Gupta, 1966). llumerous papers on the sub~ect have 'been 
published to th:i.s date reportirig theoretical as well as exper
imental resul.ts. However, the e:xperimenta1 studies are com
paratively £ew in llUl!iber evidently since the direct detection 
of an electroacoustic wave in a hot plasma 1.s rather di.fficu1t: 
if' not impossible. In the recent ex:perimeJita1 study of 
electroacoustic waves excited by a monopole in a mercur;y vapour 
plasma Chen and his coworkers ( 1967) have measured. composite 
radiation field patterns ou:tside the pJasna and have concluded. 
the existence of a strong electroacoustic wave in the direc
tion along the antenna:.. aris. 

For the comprehensive assessment and understand.illg o:f' 
the experimental results further theoretica1 investigation of 
the plasma mode radiation :f'ield patterns due to various 
electric sources, is call.ed :for. In the present work? it is 
intended to restrict attention to resoDallt and non-reeoll!mt 
linear antennas. 

GENERAL EXPRESSIOBS 

The p1asma is asslllled to be hot, homogeDeous and :neutral. 
in the unperturbed state. Perturbation o:r the plasma due to 
the radiating eou_-.oce is taken to be small with an exp( ~Wt) 
time. depelldence. .E1ec1.ron gas for.ms the onl.y ~ecti.ve 
com:po:nent of the plasma and presence o:r ions is disregarded. 
Also the collisions o:r the e1ec"trons with neu:tra1 partic1es 
are neg1ected. The source frequencies are confi.ned to the 
:first l'rau.nho:fer zone (f alekar and Gupta, 1966). 

( 

~-t----------------·-----------------------------



-133-

For the above pJ.ae:ma model with the specilied frequen
ciea am the linear an:tenna having sinu.soidal current distribu
tion placed a1ong z-axis with feed point at the origin of the 
spherical. co-ordinate system, the electric field of the electro
acoustic wave (Plasma Mode) is f'ound to have only the radial 
component in the :rar region. The spatial distribution of' this 
f'ie1d is given by the pattern factor which can be written as 
product of two functions, first independent of the antenna 
length and second dependent on it. 'Tlm.s 

(i) 

(ii) 

P:r ( 8 ,A,~) = F x F(k) (1) 

~he functions can be shown to be 

for the resonant centre-fed 
range O < 8 < ',ll;/2, 

linear ante:cm.a. (RCFLA} , in the 

:J!I = [l-4.2) (c/vo)-2 __ (_13_0/_~_) __ co_s_a ______ _ 

1- (~o/~) 2 (c/v0 ) 2 A2cos2a 
( 2) 

F(k) = . cos.C.n.c/v0 .A. cose) - cos(',ll;k ~/~o) ( 3) 

for the rion-resonant end-:f'ed linear aIItenna ( EREFLA.) , in 
the range o i e < u, 

.:p = (( ·1-A. )/A).(c/vo) • ( 4 } 

1 - (~o/~) (c/v0 ) A cose 

P(k) = si.nJtk(~/~0 - c/v0 .A cos9) 
2 2 1/2 

where the frequency parameter A. = ( 1 - WP /'If ) 

(5) 

( 6) 

(7) a.rd the length parameter k = ~0 1/2:Jt 

The symbols have the .following me a.Dings: c velocity o:f 
light in free space, v O r .m. s. thermal velocity of electrons, 
P phaae propagation constant of current on antenna, ~g phase 
propagation constant of EM wave in free space , W angw.ar 
source f'requeDCy, WP a.DgU.lar pl.asma f'requency, l aJ:Itenna length. 

COMPUTED FIELD PATTERES 

In a compressibl.e plasma there are, in general., three 
~,-pes of waves on a?Itenna: electromagnetic, electroacoustic 
aild. sur£ace waves. In the ra.Dge of sotll."Ce freque:ncies under 
consideration, with stl.ff:i.cient accuracy, their wave zmmbera 
respectively are 

-Je = ~oA., Jp = (c/vo) ~oA and ~s = (c/vo) ~o/(2-A2)1/2 (8) 

... '·-
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It is rather dif'fieu1t to decidfl ,:1nrnrnar;_1y- which one of' the 
different wave :rmmbers is e:ffective. However, f'or the mimeri
cal. computation o:f the F and F(k) functions ~e has been ciosen 
to be the appropriate wave mmiber and c/v0 is taken as 10 a 
m.in:l.JDWD. value usually obtained in most applications. Some 
salie:at features o:f these computed· functions :maJ now be 
mentioned. 

The F :function, almost identical for the "t1JP types 9:t 
linear antenna starts with the fimte value ( 1-.l '"')/A a:t 0 
a.nd increases al.owly upto 85°. !l'-herea:fter it rises rapid1y 
attaining ma:rlm11m value within f'ew miimtes short of' 900 • 
.A.ctual.ly at 90° the fu.nctio:12su.dde1l1y drops to zero for the 
RC:PLA. and equa1s (e/vo) .(1-A )/A for the NR.EPLA. A.a for the 
oscillatory fUll.etion, its peti.od.icity- is governed by the 
product of' k a.Ild A parameters, increasing the oscillations 
with hie.her va1ues of' the same. -fhus the overal1 fie1d pattern 
becomes oscillatory and attains the ma:ri..mmn almost in the 
broad aide direction. A.s the kA. product is increased, the 
pattern develops more and more oscillations, fina11y so 
zmmeroue amountillg to discrete ray l.ike structure. 

COWLUSION 

At the outset, inviting attention to the controversy as 
regards the form and propagation constant o:r the curre.?It 
distribution on cylindrical dipo1es immersed in hot pla.sma, 
it may be remarked that the situation is far f'rom being con
clusive. On one hand, Lin and. Mei { 1968) find .from llllillerical. 
computations that the sinu.soidal current distribution is mt 
a good description of' the solution of equations wb.i.ch describe 
the plasma. On the i'ther band ling and his coworkers (1968) 
conclude· that when A lies between zero .and one, the current 
distribu.tion is still somewhat sil'.!llsoidal but with 1arger · 
wave1e:ngth. For the work presented in this paper we have 
assumed sinusoidal current distribution with P,e as the 
propagation constaIIt .f'ollowi11g the experimental work o.t Judson 
and his coworkers ( 1968) • The resul:t:µ:ig field pattern .f'or 
RCFLA is found to be in conformity with the electroacoustic 
power radiation pattern computed by Wu.nscl::. (1968) f'or the 
cylindrical dipole using delta f'unetion driving Yoltage and 
representing total current by a Fourier series. However, no 
resu.1ts are availa.bl.e :for comparison in case of lllREE'LA.. 

In the end it mq be conc1uded -that for .frequencies 
con:fi.ned .to first P'ran:nbof'er zone, the assttm.ed current 
di.stri but ion forms a workabl.e and reasonably e1.mple mode1 
to describe main salient features o:f alltenna. performance in 
hot p1a.sma. 

,.._ _________________ _ 
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LINEAR. ANTENNA JN ANISOTROPIC MEDIU~-~ 

Pascal Mevc r 
C. N. E. T. - R. S. R. 

92, Issy-le s -Moulineaux, .France 

Abstract 

The general solution of the current distribution along a 
cylindrical antenna in cold magnetoactive plasma is given. A 
converging sequence of approximation is found by reduction to 
a Hilbert problem. The method involves the solution of 
Fredholm integral equations and numerical integrations. 

The study of antenna ir:. ionospheric plasma encounters two 
difficulties: 1) the plasma is hot and inhomogeneous, Z) it is 
anisotropic. Our purpose here is to extend the theory of linear 
antennas to take account of the anisotropy. Taking a reference 
system with Oz along the antenna axis, we have the time har
monic Maxwell equations: 

{ '7X H = 

'vx E = (1) 

Here, e is the dielectric tensor in this system and J is tbe un
known current distribution. For a cylinder of iength. 2 h and 
radius a, we have 

J(Z,'t), r) = 
- 6 (r -a) I J 

{ J {z. <,P) 2 ,,. a • z < h 

0 .jzf >h 
(2) 

This can be expressed as a Fourier series in (,0 and a transform 
in z 

a:, +m 

J(z,cp) = \ dA ) ei>... z einrp J(r,>...) 
v 

Thus, we can solve (1) by a spatial Fourier transform; after 
some calculations, this gives the electric field as 

a:, + CCI 

(' ~ P,z iS<P-
::: ,d"-. )e e E(r,S,>..) 

V I 

- co s ;--_ a:, 

E <r. z, <P> 

(3) 

(4) 



-137-

m 
with 

E(r.e,>..> = 

--and F is a matrix function of >.. defined by a sum of term.s like 

(:n . ( + )e ~ P. .(k,9, >..) 
F(>.. ) = d 8 e1° l3 n \ d k J (ka) J (k r) k 1.J ( 5) 

J ,.1 n 8 ~(k, 9, >..) . -
0 0 

Here. P../ .0. is obtained by inversion of the Maxwell relations so 
that .0. =1J O is the wave equation in the medium. In some par
ticular case, a = 0 (i.e. ,(isotropic ca,,e), . F reduces to Hankel 
functions but. generally, it is a complicated new transcendental. 
Also, one finds that it is 4-valued and to build E, its causal 
branch must be used. This branch has singular points ~ which 
can be found using the pinch :method (Hwa and Teplitz, 1966). 
They are the real roots of 

r .o. (k, 8 = 0, >.. ) = 0 
l ~ (k, 0 = 0 , >..) = 0 

We note that the >.. are logarithm.ic branch points. 
s 

To obtain the current distribution, 
boundary conditions on the cylinder at 
parts: 

we take account of the 
r = a. We have three 

1) I z J < 6 [where 
is E = V 6(z) z 

6 is very srnall;- the field in this feed region 
E =E =·0], 

cp r 

Z) 

3) 

6 < I z I < h '[ where E = E 
-~. z -cp 

: 0 ] I 

- - ' h<lzl [where E- and E o.reunknown]. 
z r.p 

For an infinite antenna, this last condition does not exist and 
J (n, >..) is found by inversion of (4); this is done by truncation at 
a, n :!:: N because F(S, n) is the representation of a completely 
continuous operator and one obtains a converging sequence of 
current JN(z,cp). This case is of znore than academic interest 
because it contains the s9-called gap problem and also because. 
ne:::..r the plasma resonances, the end of the antenna is unimportant. 

... 
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When the antenna is finite, we must first find E (z, cp) , for 
j z I > h, and thus we again truncate (4) at S, n :s;; N . Furthermore, 

we now write (4), at r = a, as a ZN X ZN matrix relation between 
ZN vectors: 

Then, introducing the unknown field for I z j > h , 
+o:, 

E(>..) = \ E(z) ei>.. z 
.., 
+h 

the boundary condition is written 

[When jzl < h, we obtain E(-A)]. Here, J(>..), being a 
finite (-h, + h) Fourier transform is entire and E is holo
morphic in Im A > 0 . We then see that the L. H. S. has the same 
singular points As as F ("-). This relation ca::::i be analytically 
continued from the real axis to 'Che whole >.. plan. Here, we must 
draw cuts from the >..s , and the L. H. S. has discontinuities along 
these cuts. On the other hand, (E (},) + E (-A) + V) F -l is en
tire and has no c.iscontinuities in Im A < 0 . We use + and - to 
designate the two limiting values along the cuts. Thus, we obtain 
the relation 

+ E-:- E 

F 
+ + -= J - J = 0 

This is nothing else tha::::i an inhomogeneous Hilbert problem 
(Muskevishvili, 1958). It has a standard solution which expresses 
E in terms of the inhomogeneous term. This term includes E so 
that it is a Fredholm integral equation for E. Using the solution 
of the homogeneous problem, this can be solved here with 
complications. This solution is complicated but several practical 
approximations can be used and numerical analysis is under 
progress. 
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STUDIES OF ANTENNA-INDUCED IONIZATION PROBLEMS 

w. C. Taylor, J.B. Chown, and T. Morita 
Stanford Research Institute 

ABSTRACT 

This paper discusses voltage breakdown pr<;blems encountered with 
antennas in hypersonic flight in space and reentry. The discussion 
concern.s: (1) predictions of ionization rates based on the Boltzmann 
equation; (2) injection of attaching gases to raise breakdown thres
holds; (3) convective effects of flow of gas and of de electric fields; 
and({) multipactor-triggered gas discharges at low pressures. 

l. INTRODUCTION 

It is the purpose of this paper to interpret from an engineering 
perspective recent findings in the laboratory of the authors and 
elsewhere. 

2. BOLTZMANN-DERIVED IONIZATION RATES 

Recently, Epstein and Lenander (1968) formulated a basic model for 
ionization rates in air using the kinetic theory approach of the Boltzmann 
equation. Their results ~or a frequency of 10 GHz are shown in Fig. l 
and C0,!!2ared with dati o~ ~~veral experimenters, as a function of E/p, 
where E is E (l+W /V) ~. Erm~ is the electric field strength,© the 
radian freque~J. and v c= 5.3xl0 p, where pis the pressure in torr. 

C 

The data were taken at various values of pressures and frequencies. 
The thecn-y of Epstein and Lenander takes into account the variation of 
collision·frequency with energy. The results show that there is no 
more tb.acl 1.5 dB difference between the new theoretical calculations 
and those of the phenomenological theory, based on the effective-field 
concept with v = 5.3xl09p. Considerable experimental data of the 
authors shows !hat scaling laws based on this simple theory are appli
cable within the 1.5 dB error. Thus it is seen that as a practical 
matter, the continued use of the phenomenological theory in engineering 
calculations appears warranted. 

3. ALLEVIANT INJECTION 

Recently, attention has been given to the possibility of alle
viating the breakdown problem in reentry through local injection of 
a chemical into the layer of hot gas, thereby decreasing the electron 
density and net electron production rate by attaching electrons and 
by cooling. This technique is being evaluated in a shock-tube mea
surements program, using sulfur hexafluoride initially as the in
jectant. Room-temperature data, shown in Fig. 2, shows that a 10 dB 

... 
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Figure 1. Ionization Rates vs. Field, Theory, and Experiment 

i~provement is possible in the critical pressure regime around the 
minimum in the limit of no thermal deterioration of the SF6 molecules. 
The effect of high temperature will be to decrease the effectiveness 
of the SFs because of its dissociation. Hence the probl~ is find-
ing a chemical that will attach sufficiently and will continue to do 
so in the thermal environment for the transit time over the antenna. 
Although considerable data is noailavailable for the effects of in
jectants, including water, on the thermal electron generation prob
lem, little data is available on the field-induced ionization problem. 

4. CONVECTIVE EFFECTS 

The convective effects of flow of a gas and of DC electric 
fields are quite similar in principle in that they transport the 

-· ---------------------------
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Figure 2. Breakdown Thresholds of X-band Slot 

RF-induced ionization out of the high-Iield regions. However they 
are different i.n their configurati')Lh and in their limi'tations. 

100 

Figure 3 shows the effect of the flow convection upon power 
breakdown thresholds of an X-band antenna as predicted by three 
different theoretical methods. The gas flow is directed across the 
narrow (1cm) dimension of the slot antenna at 20,000 fps. The high
pressure approximation of Kelly and Margenau (1960) at the calcula
tion for the limiti~g case of the final "breakdown" density, nf, 
going to infinity, as treated by Romig (1960) and Fante (1965), are 
seen to predict too large an effect of the convection in pressure 
regions. The "exact" calculation of the authors (1968) allows both 
arbitrary pressure and Df- It is seen that the effect is not large 
in any case, and it is difficult to conceive of a configuration 
showing more effects than the one treated here. 

On the other hand, DC electric fields may be intentionally con
figured in many different ways, and the applied voltage is limited 
by the voltage that wil: cause DC breakdown. Ho~ever, in an exis
ting plasma, the abi1ity of a field to penetrate is limited by the 
space-charge sheath around one electrode. Measurements of the effect 
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Figure 3. Effects of Gas Flow Predicted by various Methods 

of DC bias on monopole breakdown were made under varying plasma 
conditions, and are shown in Fig. 4. The monopole was biased 
negative comp2red with the ground plane. The theoretical calcula
tions were made on the assumption that the electric field is suffi
ciently effective where it penetrates the plasma (in the ion sheath 
around the monopole) to prevent breakdown in this region, such that 
breakdown must occur at the edge of the sheath, where the fields do 
notsweep away the RF-generated electrons. The sheath thickness 
increases with voltage, but decreased with initial electron density, 
n0 . It is seen that this relatively simple theory is a qualified 
success in predicting the measured data throughout the high Do re
gime. 

5. MULTIPACTOR-INDUCED BREAKDOWN 

Multipactor discharge (secondary-electron resonance discharge) 
does not directly limit the power-handling capabi1ity 0£ RF structures, 
but by its consequences. Although the multipacting must start under 
conditions when the electron mean free path is large compared with 
electrode spacing, surface-absorbed gases released by the bombardment 
of multipacting electrons can increase the local gas deosity. The 

• 
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Figure 4. Effect o:f DC bias o.a Monopole Tip Bl·eakdown in Plasma 

combined effect of the high RF iield, high enough electron density 
for ambipolar diffusion, and enhanced local density can result in 
transition to a gas discharge, which, in turn, does limit the radi
ated power. Figure 5 shows data taken for such a transition. It 
shows the power thxesholds for initiating (free diffusion) and ex
thinguishing ordinary gas discharge in the fields of a log-period±c 
ant~nna, as a :unction o:f pressure/altitude, and the (constant) 
threshold for ordinary multipactor discharge on the same configura
tion. Tb.e data points at pressure< 10-3 are for the multipactor
iuduced gas dis~harge. Thus power levels of only a few hundred 
watts are su:fficient to produce a gas discharge which would require 
several thousand watts without the multipacting trigger. Data 
points numbered 1, 2, and 3, indicating thresholds measured with 
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Figure 5. Multipactor-Induced Breakdown Data 

lapses of several minutes in between, show the effect of surface 
clean-up as the multipactor proceeds. 
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BEHAVIOR OF STRONG FIELD ELECTROMAGNETIC 
WAVES IN AN ISOTROPIC PLASMAS 

M. P. Bachynski, B. W. Gibbs 
Research Laboratories, RCA limited 

Montreal, Canada 

- Abstract -

The effect of the electric field strength of the wave on the 
propagation of e-m waves in an anisotropic plasma has been investigated 
both experimentally and theoretically. It is found that near the electron 
cyclotron frequency, decreased attenuation occurs for strong field strengths. 
This phenomenon cannot be fully accounted for theoretically. At frequen
cies removed from electron cyclotron resonance, the strong field waves 
suffer increai:'--'-CI attenuation. This is consistent with the heating of the 
electrons in the plasma by the wave. 

1. INTRODUCTION 

Most investigations of electromagnetic wave interaction wit!-. 
plasmas are based on a 11 smal I signal II approach where it is assumed that 
the electric field strength is too weak to appreciably affect the properties 
of the plasma. Little effort appears to have been devoted to the situation 
where the field strengths of the electromagnetic wave are not negligible and 
the properties of the plasma are dependent on the field strength of the wave. 

In the practical situations in which radio transmitters are 
located in satellites or rockets in the ionosphere or on space vehicles re
entering the earth's ahnosphere, since the antennas are in direct contact 
with the plasma, the field strengths of the wave can no longer be considered 
as negligible. Nevertheless, most analysis of such measurements are based 
on the simple small signal I inear theory. Thus, an investigation of strong 
field electromagnetic wave interaction with plasmas is of practical as wel I 
as academic concern. 



-146- -

2. EXPERIMENTAL ARRANGEMENT 

A laboratory experiment has been conducted to investigate the 
effect of the electric field strength of the wave on the transmission of an 
e-m wave through a plasma. In the experiment, a right-hand circularly 
polarized plane wove at a frequency of 9.2 GHz is normally incident on a 
S cm layer of plasma generated in helium at a pressure of O .6 Torr. (Right
hand polarization denotes rotation in the same direction as electrons gyrate 
in a magnetic field.) The plasma is located between the coils of an electro
magnet and the arrangement is such that the wr:Ne propagates along the 
direction of the magnetic field. At a preset magnetic field strength, the 
plasma is pulsed and al lowed to decay. Measurements of the wave trans
mitted through the plasma are then mode in the afterglow using continuous 
wave electromagnetic waves of c given power density. The measurements 
are then repeated for various power densities and various magnetic field 
strengths. The plasma properties are monitored by simultaneous transmission 
of a left-hand circularly polarized wr:Ne through the plasma. 

Such an arrangement hos previously 1 shown very good agree
ment between theory and experiment using low field strength incident waves. 
Details of the experimental arrangement and measurement techniques can 
also be found in that paper1 . 

3. MEASUREMENTS AND COMPARISON WITH THEORY 

Typical experimental results of the propagation through plasmas 
of strong field electromagnetic wavas are shown in Fig. l f~r the maximum 
(2.5 x 10-3 watts/cm2) and minimum (0.1 x 10-3 watts/cm ) power levels 
avcilable in the experiment. These power levels correspond to 27.4 and 
137 volts/meter respectively. The measurements are for a normally incident 
( 8= 0°) plane wave transmitted through the plasma and are normalized to 
the field strength of the incident wave. The results for various normalized 
magnetic field values can be summarized as follows: 

(i) At Y = ?1t,fid=O (isotropic plasma) no dependence of the inten
sify of tl-ie transmitted wove on the field strength (power 
density) of the incident wove was observed for the range of 
power densities available in the experiment. 

(ii) At O <Y< ~ 0.9, the higher incident power signals showed 
greater attenuation than the lower power incident wave. 

-
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(iii) At~ 0.95 < Y < ~ 1.05:i the higher the incident power, 
the less was the attenuation of the transmitted signal -
i.e. the attenuation coefficient of the plasma is seen to 
decrease with increasing electric field strength. This is 
exactly opposite to the 11plosma shield" effect2. For the 
higher power incident wave, the transmitted signal is very 
nearly the same for al I vol ues of magnetic field in the 
region of electron cyclotron resonance [Y:0.98, 1 .o, 1 .02] 

(IV) At Y > 1. 10, the stronger incident signal is attenuated more 
than the low power incident signal as was the case for low 
magnetic field strengths. 

For i"he regime removed from electron cyclotron resonance, the 
increased attenuation with increased strength of the incident wave is 
consistent with heating of the electrons by the wave resulting in a higher 
value for the collision frequency and hence greater attenuation of the wave. 

In the region about electron cyclotron resonance, the cold 
plasma approximation based on a Maxwel I ion velocity distribution for the 
electrons does not predict quantitative results anywhere near the measure
ments. In fact, the wrong trends ore predicted for increasing power densi
ties of the incident wave. The assumption of a Maxwellian electron 
velocity distribution is not well justified for this regime, particularly at 
strong fields and lower electron densities. Calculations based on a 
Druyvesteyn velocity distribution for the electrons (more appropriate for 
the strong fields) shows a decrease of the attenuation coefficient of the 
plasma with increasing electric field strength of the wave as observed 
experimentally. The calculations also show only small differences in the 
attenuation as the magnetic field is changed by t 1% off cyclotron 
resonance (in agreement with experiment). The experimental results at 
low powers agree wel I quantitatively with theory. The observed attenua
tion for high field incident waves is, however, considerably less than 
predicted by theory based on a Druyvesteyn velocity distribution for the 
electrons although the predicted trends are correct. 

4. CONCLUSIONS 

Marked non-linear interaction of electromagnetic waves 
propagating in an anisotropic: plasma occurs even at very modest field 
strengths (27-137 volts/meter) of the incident wave. In the regime off 

. ' "' .. 
.. 
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electron cyclotron resonance, collisional heating can account for the 
ol:servations. In the region of electron cyclotron resonance, considerably 
less attenuation is observed at the higher field strengths. Theory based on 
a non-Maxwellian velocity distribution explains the observed trends but not 
the quantitative results at high incident field strengths. Better agreement 
between experiment and theary may be possible by a proper inclusion of 
electron-electron effects3 in the theory or by considering the progressive 
interaction of the wave as it penetrates into the plasma as has been done 
by Papa and Haskel 14 . 
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THE TRAILBLAZER II REENTRY 
ANTENNA TEST PROGRAM 

J. Leon Poirier, Walter Rotman, 
Dallas Hayes, and John Lennon 

Air Force Cambridge Research Laboratories (OAR) 
L. G. Hanscom Field, Bedford, Massachusetts 01730 

Abstract 

A number of results are presented which we1·e obtained in 
the first flight test of a reentry vehicle designed to determine 
the properties of the plasma sheath and its effect upon micro
wave antenna performance. 

This paper presents a synopsis of the results obtained 
frorn analysis of data from the first flight test of a Trailblazer II 
reentry vehicle designed to study the properties of the plasma 
sheath and its effect upon radiating systems at velocities in the 
ballistic range. The reentry payload (Figure 1) consisted of 
three m.ajor subsystems: a plasma diagnostic probe system; an 

LANGMUIR 
PROBES 

S-BAND RECEIVING 
ANTENNA 

,---X-BAND 

ELECTROACOUSTIC 
PROBES 

Figure 1. Reentry Vehicle 

TELEMETRY 
ANTENNAS 

S-band tra.nsponder system, and an X-band telemetry system. 
The flight data allowed: { 1) measurement of the influence of 
the plasma sheath upon the radiation pattern distortion, 



signal attenuation, and impedance mismatch for an S-band slot 
antenna located at the stagnation point of the nose cone; {2) meas -
urement of the plasma sheath effects upon the interantenna cou
pling between two S-band antennas on the nose cone, and (3) 
determination of the electron density profile and gradients about 
the nose cone. 

The S-band transmitting antenna consisted of a dielectric -
filled, waveguide-fed slot with coaxial input located at the stag
nation point of the reentry nose cone. A similar receiving anten
na with identical internal dimensions, but with a T-bar feed was 
located at the shoulder of the nose cone for measurement of the 
intera.ntenna coupling. Both antennas were adjusted to provide an 
impedance match to the input coaxial cable under free-space 
conditions. 

Two computer programs were used to predict the opera
tional characteristics of the antenna system. Both programs 
assume a multi.layered plasma. The first is based upon the 
theoretical analysis of Galejs (l) and was developed by the 
Cornell Aeronautical Laboratory. The output consists of the 
terminal admittance of a slot antenna located on a flat ground 
plane and the mutual ad.Inittance and coupling of this antenna with 
a like antenna located upon the same ground plane. The second 
cOm!')'..lter program, developed by Avco (Z) gives the far-field 
radiation pattern, as well as ,,::!:le terminal admittance, for the 
open-ended waveguide. The flow-fi,_· ld p:rc: r,crties were obtained 
by using nonequilibrium binary scaling for the stagnation-stre.:im_
lir.e applied to results given by Cornell Aeronautical L'C!boratory{_3 ) 
The boundary layer properties were taken from stagnation bound
ary layer calculations given in a report by Nerem. <4 ) 

The measured reflection coefficient of the S-band antenna 
is shown ir::. Figure 2. Also shown is the theoretical prediction of 
the reflection coefficient based upon Galejs' analysis. The effect 
of losses in the antenna structure were not included in the calcu
lation. A good engineering estimate of this loss would be~ 1 dB. 
If a correction of 1. 5 dB is made, it is seen that the predicted 
maximum reflection coefficient is in good agreement with the 
measured one. The theoretical calculation does not predict very 
well the altitude at which the maximum reflection coefficient is 
reached. This discrepancy is. in all probability, due to the in
adequacy of the flow-field calculations to make predictions for 
altitudes above 2.40, 000 ft. 



In so far as the 
plasma sheath can be 
considered lossless 
and is overdense, it 
can be shown that the 
power reflection coef
ficient is a unique 
function of the distance 
from the antenna sur
face out to the begin
ning of the overdense 
region. This distance 
(termed the electro
magnetic boundary lay
er thickness o) is 
shown in Figure 3. 
The results of both the 
flight and the theoreti
cal determination of 6 
are shown. The dis
crepancy between 
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theory and flight 
data at altitudes 
below 22.0, 000 ft 
is not significant. 
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iki: .. t occurring 
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in Figure 4 normalized 
to the free-space value. 
Two things are to be 
noticed. Coupling in
creases at first from 
its value at 300, 000 ft 
where negligible plas -
ma is present. This is 
probably due to ducting 
along the surface caus -
ed by the presence of 
the plasma. This is 
followed by an abrupt 
decrease of greater 
than 10 dB at about 
250,000 ft. Theory 
predicts a sharp 
decrease at about this 
altitude. Also shown 
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in the figure is an 
estimate of the amount 
of decoupling due 

+5..----------------------, 
to power refiec -
tion loss at the 
transmitting an
tenna. As this 
curve also shows 
a sharp decrease 
in this altitude 
range, it is to be 
concluded that the 
antenna decou
pling is due pri
marily to reflec -
ti.on from the 
plasma in front of 
the antenna and 
not to attenuation 
caused by trans
mission thri,ugh 
the plas:n,a. 
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Several in-flight radiation patterns are shown in Figure 5 
for altitudes at which signal attenuation is changing substantially. 
The curves, normalized so that the peak values correspond to 
zero dB, s:::.ow that the shape of the radiation pattern does :qot 
change substantially even under conditions for which the plasma 
sheath is attenuating the signal by over 20 dB. This has been 
predicted for overdense plasma sheaths which are physically thin 
compared to the wavelength of the transmitted signal. (5 ) Under 
these conditions the plasma sheath is equivalent to an impedance 
sheet which attenuates the signal level without ..:hanging the pat
tern shape. This conclusion has also been confirmed by the com
puter calculations using the Avco program which shows that the 
radiation patterns are attenuated, but otherwise unchanged, as a 
function of altitude. 

The plasma diagnostic system contained four electro -
acoustic probes designed to measure the electron density gradi
ent in the boundary layer. and three flush mounted Langmuir 
probes. This was the first flight test of the electroacoustic 
probe. Valid data was obtained from each type of probe through
out the reentry trajectory. Substantial agreement was obtained 
between the data of both types of probe. 
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Single and Multislot Antennas in an Inhomogeneous 
Reentry Plasma Environment>!: 

K. E. Golden and G. E. Stewart 
Laboratory Operations 

Aerospace Corporation, Los Angeles, Calif. 

ABSTRACT 

A short linear slot array radiating through an inhomogeneous 
reentry boundary-layer plasma is analyzed for free, standing
wave-feed, and traveling-wave-feed aperture excitations. Calcu
lations are presented for self- and mutual-admittance, aperture 
voltages, element pattern, and the resulting antenna gain for free 
space and typical low-altitude reentr f plasma conditions for a 
sharp, slender, conical vehicle. 

1. Introduction 

Performance of a short linear E-plane array of slot antennas 
in the presence of a reentry plasma sheath is analyzed (figure 1). 
The short-circuit admittance matrix representing the N-element 
array in a reentry plasma envi:r;omnent is obtained by an extension 
of the slot self- and mutual adr.nittance analyses given in Golden 
and Stewart (1968). From the definition of the short-circuit ad
mittance parameters, elements of the aperture achnittance matrix 
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Figure I. Linear array geometry 
and reentry plasma sheath 

are for i = j 

y~t = Y(O} = Yu~ 

and for i i- j 

Y~f= Y(ji-jf) = Y1z<li-jlko5). 

where Yl 1 and Yl2 (ji-j lk06) 
are the normalized self- and 
mutual admittances of a pair 
of E-plane slots separated by 
li-j lko6 • Short-circuit ad-

mittances normalized to the 
dominant-mode guide admit
tance Y g are on figure 2 for 
standara X-band waveguide 
apertures radiating into free 
space and on figure 3 for the 
typical reentry plasm a shown 
in figure 1. 

*The research reported in this paper was sponsored by the U. 5. 
Air Force under Contract AF04701-68-C-0200. 
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Figure 3. Ten-element linear 
array gain in reentry 

envir omn ent 

2. Aperture Voltage Determination 

To determine the antenna gain for a linear array, it is 
necessary to calculate the dominant-mode aperture voltages. The 
feed scattering matrbc for an N-elezn ent linear ·array has (N + l) 
x (N + 1) elements when the termiilc'.tiOn GL is assumed to be 

internal to the feed a;~: brb~;i;:]d ~n the following ==;:)r: 

l- c ,,rF 

The i th component of the cohur.n vector c is the voltage appearing 
at the i th aperture with all the ap.ertures terminated in matched 
loads assuming unit incident voltage at the N + I input port. The 
ith component of the row vector c is the voltage transmitted back 
to the input port for unit incident excitation at the i th aperture 
with all other ports matched. The input reflectio:i coefficient ior 
matched aperture conditions is Ji,. 
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H fsFNN] is nonzero, the reflections from, and coupling 
between;the apertures modify the incident voltage. The aperture 
scattering matrix can be written in terms of the admittance 
matrix [yap] 

[sap] = ([u] + [yaPJ)· ( [u] _ [yaPJ)-1 . (2 ) 

The resulting incident c' and scattered d' voltages are related by 

<l' = [saPJ c' , 
with linear superposition and unit incident voltage 
terminal 

(3) 

at the N + 1 

- [ FNN1...... --+ c' = S - - J d' + c . {4) 

Aperture voltage is determined from {3) and (4), and then 

-"ip 
V = (-;' + d') = ( [saPJ + (uJ) • ([u] - [sFN~[saPJ) - l c . (5) 

For a freely excited array [Oliner 
zero, which simplifies v=ap to 

and Malich ( 1966 )] , [SFNN] is 

-;ap =([saPJ + [uJ). c . 
To obtain numerical results, the standing- and traveling

wave feeds are approximated by the equivalent circuit in figure 4. 
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The free. standing-wave-feed,. 
and traveling-wave-feed aper
ture excitations are designed 
to provide uniform illumination 
with a 20-deg phase shift be
tween elements when the aper
ture is matched and the external 
rnu~ual coupling is neglected. 
The traveling-wave-feed was 
designed to absorb 20% of the 
available power in the termin
ation GL. The actual circuit 
elements are tabulated in fig
ure 4. The elements of the 

• scattering matrix of the feed can 
be calculated using standard 

transmission line theory with the slots alternately excited in the 
manner used in measuring scattering matrices. 

Figure 4. Feed Network 

3. Radiation Pattern Calculations 

The antenna gain for unity input voltage is defined as 

g(8,tl) = 4TTr

2

(Y

0

/Yg>{IE
8

(r,.e.0)1 2 + IE0(r,9,e!)l 2

}. (6) 

-
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where Y O is the characteristic admittance of free space, and Ee 
and E0 are the far-field components of the electric field for the 
prescribed excitation. 

The far field can be written in terms of the ~ourier transform 
of LL..- electric field at z = z 0 when the sources are boUD.ded in ex
tent and zo is sufficiently large that only free space exists for z>zo• 
Evaluating the inverse Fourier transform asytnptotically results in 

• - • 2TT -
llin E(r, 9, II}).= J ~ cos8~<k,cs,kYs' z 0 }exp(jk.0 {z 0cos9.;r)] , (7) 

k 0r-m O 

where [Ckx ,ky ,z=z0 ) is the transform of the electric field evalu
ated at the 1itati"5o,nary point in transverse wavenuniber space de
fined by kxs = k 0sin8cos0 and ky sin9sin¢1. The Fourier transform 
of the field at z=z 0 can be deter~ined by expressing the electric 
field, at the aperture in terms of TEz and ™z components and then 
transforming these components through the dielectric and plasma 
regio!l.s using standard transmission line theory [Golden and Stew
art (1969)]. The gain for an N-element array of rectangular slots 
from (6) and (7) ~s then N 

g(9, II})= 32~b y-O P e(9, ll})ILv:p exp(+j(n-1) kxsoJl2 . (8} 
vXO g 1 

The element factor Pe in (8) is 

e = TT2 [sin ul (sin u2 + sin u3~j2 ucos20 + sin20cos2e] 9 
Pe( ,0) 16 u u u 1z I _12 ,(} 

1 - 2 3 GTM GT LI 

and u 1 is O. 5 kx a, u 2 is O. 5 (k3 b + TT), and u 3 is 0. 5 (ky b - TT). 
The voltage transsfer functions G,s and GTM are equal to bty 
when the array is radiating into :fr~e space. 

4. Nurn erical Results 

The aperture voltage for a freely excited single-slot antenna 
is equal to 

{10} 

;pie single-slot results for both bare and plasma-clad ground planes 
are in figures 2 and 3 respectively. The inhomogeneous plasma 
layer was approxunated by 22 equivalent slabs (figure 1 ). 

The results of the feed aperture voltage and antenna gain cal
culations for free-space conditions are shown in figure 2. The maxi
mum array gain for the traveling-wave feed is -1. 3 dB less than the 
standing-wave feed because of the power absorbed in the load. The 
systematic errors caused by aperture reflections are reduced by 
the mutt.al coupling for this example. 
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The results of the antenna gain and aperture voltage compu
tations for a plasma environment are displayed in figure 3. Since 
the mutual coupling is greatly reduced by the plasma, the aper
ture reflection effects produce the majority of the pattern degra
dation. The array side-lobe level of the standing-wave feed was 
degraded to -2. 7 dB because of the multiple reflections in the 
branch lines. The plasma sheath increased the progressive 
element phase shift by 10 deg causing the main bearri of the travel
ing-wave feed to be scanned from 8. 4 to 13. 5 deg. The patterns 
of the freely excited array are less sensitive to plasma effects 
(figures 2 and 3 ). 

5. Conclusions 

The performance of a small array antenna in a reentry 
environrn ent was analyzed including internal feed effects as well 
as reflection loss, absorption and antenna element pattern distor
tion. The problem was formulated using scattering matrices so 
that either readily measured scattering matrix elements or analyt
ically determined values could be used for the feed. The effects of 
the plasma layers on the effective scattering matrix of the N-el~-
m ent aperture can be calculated if the electron density and collision 
frequency profiles of the plasma layer are known. The resulting 
effect on aperture voltages is easily determined. Because of the 
high cost of flight experiments, performance problems, and availa
bility of preflight predictions of electron density, a detailed analysis 
appears warranted. Furthermore, for arrays of small bearnwidth, 
flight-test rn easure:rnents of radiation patterns become increasingly 
difficult, considering usual ground station limitations. A more 
reasonable approach -would be to measure single-element radiation 
patterns and to infer array factors from the measurements of the 
individual aperture voltage during reentry. 
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IONO.SPHEIUC ANTENNA IMPEDANCE PROBE by E. K. Miller•, H.F. 
Schulte:a, J. W. Kuiper 2 ( 1 MBAssocia.tes, San Ramon. California, 
2 High Altitude Engineering Laboratory, University o! Michigan) 

ABSTRACT. The results or a parallel theoretical-experimental inves
tigation into the use of an antenna as a diagnostic probe in the iono
sphere are described. The salient features of the ante.-111& impedance 
are found to be in agreeme:i.t with the theoretical predi:::tions, and pro
vLde several methods for detet"mining the ionospheric electron density. 

L INTRODUCTION. A parallel theoretical-experimental program was 
undertaken to resolve some- of the questions which arise in using an. an
tenna as a diagnostic devic4;. in the ionosphere. To clarify the relative 
importance of the physical i-'rocesses which may influence the impedance, 
an infinite gap-excited cylindrical antenna immersed in a plasma was 
investigated theoretically. The results of this study have h~en reported 
elsewhere (Miller, 1967, 1968); only a summary will be e11,ren here. 

The experimental part of the program used ionospheric sounding 
rockets carrying several Cl)mplementary electron density determination 
experiments. These included a Langmuir probe, a relaxation resonance 
detector, a transmission experiment, and an antenna i?npedance experi
ment. The latter three experiment.s used a 30 ft tip-to-tip balanced 
electric dipole whose frequency was swept continuously frc,m 0. 8 to 10 
MHz. Results presented here will be con!ined principally to the anten
na impedance measurement. 

Il. RESULTS OF THE IN'VESTIGATION. The aspects of the theoretical 
infinite antenna study which apply to the ionosphere are: (I) Ior an in
com.pressible, anisotropic pla..;n:1a. (magnetic field parallel to the anten
na axis), the impedance has a m.inim.wn at the cyclotron frequt-::i....:y !h, 
a slight :maxim.wn at the electron plasma frequency f , and a sharp IIU' ~-

imw:n at the upper hybrid frequency ft = J!~ + 4; (zf the addition cf a 
concentric vacuuni sheath a few Debye lellgt.ns tliick shifts the fh imped
ance :minimum upward in frequency and increases the minimum im.ped
ance value, but does not significantly alter the impedance above Zfh; 
(3) the plasma compressibility and vacuum sheath separately produce 
similar effects on the antenna impedance for both the isotropic aud ani
sotropic plas:ma. Comp&ring the infinite antenna results ,•.rith Bahnain's 
1 1964) finite antenna. quasista.tic analysis shows that the qualitative pre
dictions of the two theories are equivalent. Thus the in.finite antenna 
results may be applied when the quasistatic theory cannot be used con
veniently. This equivalence also suggests that Balrnain's theory is re
liable for quantitative interpretation of experimental impedance data. 

9""r complete unpeda.nce frequency sweeps were obtained during a 
rockef: flight (NASA 4. Z07) to a 292 Km. altitude. A computer- plotted 
curve for the impedance of half the balanced dipole (the equivalent mono
pole) is shown in Figure I. The impedance is a Ii.Dear function of tune 
(there are 833 data points per second) for the two overlapping bands , 
O. 8 to 3~ 5 MHz and z. 6 to 10 MHz, used to cover the 0. 8 to 10 MHz 
range, Sweep frequency 'With respect to tim.e is not quite linear in either 
band; a slight transformation is required to obtain an impedance-fre
que:::icy plot. 
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These impedance curv~s (moving upward in frequency) exhibit a 
broad minimum, a slight oscillation, a sharp peak and a discontin-
uity. These features were regularly observed throu.ghout the flight. The 
peak shape differs on the t\A.·o sweeps due to the .ra.riation in sweep rate 
in the overlapping frequency ran,;:e. At the right side of the high frequen
c '/ sweep is seen the typical behavior resulting from the telemetry signal 
dropout which occurred infrequently during the flight. 

A smoothed version of F~gure 1 versus frequency is shown in Fig
ure 2. Also shown (the x'd c:urve) ~s the im.pedance calculated from Ba.l
main's formula, and (the circ-l~s) two calculated free-space impedance 
curves for the antenna which has a half-length h of 4. 58 m and a radius. 

1l0Q:I I-IQi Flt£tLDICf ~· 

~ 

FIGURE l 

,I 

.,,.✓ 

.. -· ' 

.,.·•" 

L \. - / 
,c' IO\.J• .., 

~ 

Ftw Sao:. o---. ~ 111.-c,e ... ~,oo ..... 
_-----.~,.c~•lt& ,.JA r11 

~""'° --......._.-C,7D•.J..~""W 
t,-,11-l)l,,llf'V 

['~ ••_O'-c• 

Ulllll'iF'~-,S-..D -...._.., -.. 
-:!SQ-

"' 
.., 

FIGURE 2 

c of I cm. The free-space curves sho-w the isolated antenna impedance 
and that which results from including the dfect of the shunt capacitance 
l:s of the antenna deployment mechanism. This capacitance shifts tbe 
f peak downwa:-c! in frequency. It is included in the plasma-inunersed 
t~eoretical curve (the antenna is assumed parallel to the magnetic field). 
Quite good agreement is obtained between theory and experiment using 
th.._ indicated plasma parameters ('V is the electron collision frequency) 
down to a fre-quency of about 2. 5 fh. The upward-shifted impedance 
minimum agrees with the infinite antenna theory as well as with the 
spherical quasistatic analysis. of Balmain et al (1967). The plasma pa
rameters were chosen to produce an apparent best-fit curve to the ex
perimental data, and the unrealistically high value required for v may 
be due to neglecti:ig the sheath (Ba.lmain et al, 1967). 

Similar agreement bet\'lte<!n theory and experiment was obtained 
throughout the flight. The experimental data provided three independent 
ways to obtain fp; using (1) the frequency (fM) of the impedance peak as
sociated with ~• (2) the absolute impedance above ft, and (3) the imped
ance discontinuity at fp. The first two :methods are generally independent 
of v, while the latter tequires no theoretical interposition, although the 
downwar9-shifted impedance peak often obscures tbe f~ discontinuity. 

An interesting use for the upw-ard-shifted i:mpedance minim.um as
sociated with fh is to determine t.'ie sheath thickness and electron tem
perature. If, for example. the eciuivalence behveen the actual inhomo-



g,:,neous sheath and the vacuum sheath modt'!l is known in terms of the 
- minimum impedance frequency fm, then the equivalent vacuum sheath 
thickness can be obtained from fm and f . Since the sheath thickness is 
a function of fp (which is already knownf and the temperature, the tem
pc•rature can then be solved for. There has been s·o.me success in ob
taining electron temperature values this way, but not enough ciata has 
been analyzed to validate tho; technique. 

Since the rocket rotation period was about 21 sec, and nea :::-ly 4 com
plete frequency sweeps over the 0. 8 to 10 :MHz range were obtained dur
ing a complete rotation, it is possible to resolve the influence of the 
magnetic field and rocket wake ,:m the impedance. Figure. 3 is a plot of 
the impedance at 5. 25 :MH:z as a function of time (or altitude). The in
dividual impedance points are joined by straight lines to clari:y the var
iation. Also shown are the ionospheric magnetic field and plasma • 
stream velocity components tangential to the monopole whose impedance 
was monitored. A positive velocity indicates the monopole is facing in 
the direction of rocket travel. The impedance maxim.a. correlate well 
with positive tangential velocities, demonstrating the decreased electron 
density in the rocket wake. Using Bahnain's theory, the impedance 
swings may be translat~d to eh,ctron density variations of as mi..:.ch as 
two to one. 
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FIGURE 4 

Figure 4 shows the peak-impedance frequency fM as a function of 
time. There is a correlation between fM and both tangential magnetic 
field magnitude and velocity, as fM oscillates twice per period. The 
amplitude of the [M swings is also correlated with the amplit?des of the 
velocity and magnetic field changes. Generally, fM has rnax_1ma at ~s
itive velocity maxima and seems more sensitive to the v4:loc1ty tha_n ~ 
the magnetic field. Agreernent of these results for fM wi.th Bahna:a.n s 
theory may be verified. • 

Figure 5 shows the :r:ni:airnum-impedance frequency fm. The f 
maxi.ma are correlated principally with maxima in the tangential v~o
city. This agrees with the infinite-antenna vacuurn-sheath theory. 
which shows that fm increases with increasing fp. Further, the insen-
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s iti vity of ~:i:ri to the tangential magnetic field agrees with Balmain 's 
theory for t.tle sheathless case. 

The experimental magnetic field and wake orientation dependence of 
the antenna impedance and the infinite antenna-quasistatic finite al'.tenna. 
predictions also agree for several other distinctive unpedance features. 
Among these are the impedar.ce values associated with IM and fm, and 
the impedance discontinuity associated with fp. However, the impedance 
oscillation between fM and frn on Figure 2 is 1:lot predicted by the pres
ent theory. This particular impedance characteristic, which consis
tently occurred at about 2!h during the flight, may be due to plasma com
pressibility effects {Johnston, 1968). 

In Figure 6, we show the ,electron density-height profilt! as obtained 
from the impedance data cnmpared with Langmuir probe and ground
based ionosonde results. The electron density results using the imped
ance data are obtained from. the f'M values and the impedance value at 
S. 25 MHz (Zs 25). There is good agreement between these independent 
rnethods for obtaining the electron density. The comparison reveals 
the usefulness of the swept frequency impedance probe to obtain iono
spheric electron density and further shows the general validity of Ba.1-
main's theory which has been used to translate the impedance data to 
electron density values. 
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ON THE TRANSIENT RESPONSE OF AN ANTENNA AND THE 
TIME DECREASE OF ALOUETTE SPIKES 

Philippe Graff 
C • N. E. T. - R. S. R. 

92 - Issy-les-Moulineaux, France 

Abstract 

After a justification of the necessity of introducing collisions, 
it is shown how this introduction modifies the calculation of the 
time decrease of Alouette spikes and that the result obtained 
though deeply modified, still disagrees with experience. 

1. INTRODUCTION 

Spikes appear on the top-side ionograms when the transient 
response of the antenna bas a long duration. This occurs when it 
emits a pulse whose frequency spectrum contains one of the wk 
solution of -D (k, W) = 0 • 

I v Ck. w> = o 
g 

which express the group velocity of the characteristic waves to 
be zero and that the antenna impedance has a branch point singu
larity. Tbe envelope of this transient decreases in tune; its 
asyinptotic form. evaluated among others by Deering and Fejer 
(1965), Nuttall (1965). Watson (1968). is found proportional to 
{t - t )- a (t , time of end of emission; 1/2 :s; a ~ 7/Z according 
to th~ wk O under consideration}. 

Petit (1968) showed the incompatibility of such a time depend
ence with the satellite data. Moreover this time dependance is 
based on Vlasov equation; it has been pointed out (Graff, 1968) 
that this equation is invalid to describe a perturbation during an 
interval of time ~ t not sucb that .6. t << , where 

3 -1 
T = n LD WP = 5810 n -l T 3/z 

(n, ~, W • T are the standard electron density, Debye length, 
plasma fr~uency, tem.perature in MKSA units). Figure 1 shows 
that over a few m.illiseconds (typical spike duration), the pre
ceding inequality does not hold. Thereiore, the introduction of 
collisions is both an experimental and a theoretical necessity. 
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FIGURE 1 

z. TRANSIENT RESPONSE OF AN ANTENNA IN A COLLISIONAL 
ISOTROPIC PLASMA - -An antenna of current distribution J (r, t) em.its an electric 

field of Fourier-Laplace transform 

E {k, w > == c (k, w> • J Ck, w > (1) 

-where the components of the Green's tensor G are 

G = iwµ 
), µ. 0 

(w/c) 2 e: 11 6ij - ki kj [1 + (w/kc) 2 (e: 11 - e: .1)] 

(w/ c}z e: II [kz - {w/ c)z e: .1 J 

The transient response is concerned with frequencies close to 
± w , therefore, 

p 

e:.1 = l-wj(w-h;)2 ; e:11= l-w~/(W-i\!) 2 -(kVT/w)2·-i), (2) 

(VT= ,_/3K T/m = Boltzmann's K, m: electron ,mass) .. Replacing 
the collision frequency v and the Landau damping term A by 
their limits as w - w , \! (w ) = v and A(W ) = 0 , it is possible 
to evaluate the transilnt resp5'nse o't the ante~a by inverting (1). 
One thus obtains the voltage at the terminals of a dipole of length 
ZL fed by a current I(t) = 6 (t) 

{2)½ L 2 
V(t) = lZ --3-/...-2 

e: TT 
0 

3/2 w 
__.E,_ 
v3 

T 

sin(W -TT/4) 
__ t_3_7_w ___ e 

-'V C 
0 

(3) 

-



Let us now justify the expressions (Z) by deducing v from. the 
kinetic equation of the plasma. 

3. PLASMA DESCRIBED BY THE FOKKE~PLANCK EQUATION 

Solving the Fokker-Planck equation shows that the collisions 
to take account of in Alouette conditions are between electrons and 
ions. Sbk.arofsky. et al. (1966), define a sequence of approxima
tions which allows to establish (Z) with v = < v .> = (Z/TT)t L A/A 
where A= lZTT n ~ = 1. Z4 x 107 T3/Z N-½. A 1>1a.sic assumptlon 
of the Fokker-Planck equation is that during a collision the dis
tribution function of the electrons does not vary, that is 
L /VT<< 1/w or w << w . At w = w or greater, this 
a.f sumption does not hold. P P 

4. PLASMA DESCRIBED BY THE BBGKY HIERARCHY 

By expanding the hierarchy at the first order in powers of the 
small parameter a = 1/n L3 , one obtains a kinetic equation which 
correctly describes the co~ctive effects occurring when w << w 
is- false. Thus, Oberman. et al. (196Z) have calculated the plasrJi 
conductivity and one is led to (Z) with 

zw 
v = _.E,_ [Ln A + Q{w/w )J 

TT'I A p 

The function Q{u) varies according to Figure 2. 
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Figure 3 shows the improvement due to the introduction of 
collisions. A gap remains between experience and theory and, 
surely, other effects like inhomogeneity or non-linearity should 
be taken into account to provide an actually satisfactory result. 

v/v 
(dB} 0 

-10 

-20 

-30 

5. CONCLUSION 

ff n= -10 

I V=V t-3 / 2 
0 . 

II V=V t-3/ 2e-{'l•'ei,),t 
~ 

typ:i.cal spike 

arbitrary 

t 

(ms) 

It is at the present time unrealistic to corn.pare the theoreti
cal predictions with the absolute value of the experimental data. 
Yet we tried a comparison between the shape of the experimental 
and the theoretical decrease laws. 
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and the dipoles are oriented along the static magnetic field, B0 , 

to preserve e symmetry. The coupled wave equation is written as: 

[~T + S(k ,w)l F(r,k ,w) == J (r,k ,w) or J (r,k ,w) (1) 
z J z ez z mz z 

where~ i::: the transverse Laplacian operator, S(k ,w) is a 3 x 3 
matrix propagation constant, and Jez and Jmz are slurce vectors for 
electric and magnetic dipoles, respectively. Fis a vector of the 
primary field quantities: 

where Ez and Hz are electromagnetic field components and Pe is per
turbation electron pressure. Equation (1) is solved with a Hankel 
tra.~sform of order zero, mapping the La.placian into -A2 , ~here A is 
the Har.kel transform variable. The result is the algebraic relation
ship: 

== 
(3) 

where the ma!rix C is constructed by adding -A2 along the diagonal 
elements of S. For regions away from the source, Eq. (3) is homo
geneous, and a nontr~vial solution is possible if and only if: 

Since A and kz are wave numbers in the radial and z directions, 
respectively, Eq. (4) is recognized as a dispersion relationship, 
By the usual relationships between wave number and frequency, and 
velocity and direction-cosine, Eq. (4) may be rearranged to give a 
cubic polynomial in velocity squared. The roots of this polynomial 
correspond to the modified ordinary mode (Mo), the modified extra
ordinary node (MEX), anQ the modified plasma mode (MP) discussed 
by Seshadri (1964) for ~lane wave propagation in a compressible, 
anisotropic plasma. 

Equation (3) is solved by inverting C and the solution is 
brought into A, z, w space by a contour integration in the complex 
kz plane. The contour is closed in the upper half-plane anrr the 
pple locations enclosed are given by the solutions to Eq. (4), 
since the determinant appears in the denominator of the inverse. 
Si.nee Eq. (4) is also the dispersion relationship, application of 
Cauchy's theorem tells us that the field quantities are J.inear 
combinations of classical plane vave modes in a plasma. That is, 
the vector of Eq. i..2) in A, z, w space may be ~ritte~ as a trans
formation matrix, T, operating on a vector of plane vave modal 
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DIPOLE RADIATION IN THE LUNAR ENVIRONMEN'I'* 

R. J. Phillips 

Jet Propulsion Laboratory 
California Institute of Technology 

Pasadena, Califor~ia 91103 

Abstract. To assess the effect of the solar vind on 
electromagnetic sounding of the lunar subsurface, the 
problem of electric and magnetic dipole sources in a 
compressible, anisotropic plasma overlying a lossy 
dielectric half-space is solved. Final integrals are 
solved by saddle point integration involving numerical 
search algorithms on dispersion surfaces. 

The results of recent -work by Wa:?:"d et al. (1968) indicate the 
possibility of defi~itive electromagneticsour..ding experiments of 
the lunar subsurface fron orbiting satellite. The present study 
reassesses the problem by considering the effect of finite electro
magnetic sources in the solar wind plasma. Toot is, the lu~ar 
envirorunen~ is modeled by infinitesimal electric and magnetic dipole 
sources embedded in a compressible anisotropic plasma overlying a 
lossy dielectric half-space. 

Basically the task is to solve, subject to the constraints of 
the lunar bounda.ry conditions; the four 6.ifferential equations: 
1) Faraday's law wi~h a magnetic source term, 2) Ampere's lav with 
an electric sour~e te~m, 3) the linearized second moment of the 
Boltzmann-Vlasov Equation ~nd 4) the linearized first moment com
bined with an adiabatic equation of state. The lower bound for 
efficient antenna operation is perhaps 10 kHz, and it is assumed 
that ion wave motion is damped out above this :freque_ncy. There-
fore only electron motion is considered. The solar wind electron 
plas!!ll:. frequency is 28.4 kHz (10/cc) and the electron plasm.a wave 
will be damped ont above approximately 100 kRz and the continuum 
theory used ~ere canr,ot account for this (Landau) damping mechanism. 

The four equations may be combined into a coupled wave equation 
in r, kz, w space, modified after a procedure outlined by Chen and 
~neng (1966). Here r is the radial coordinate in a cylindrical 
coordinate system, kz iz the Fourier transform variable from z space, 

* This research was funded by NASA under Co~tract No. NAS 489580-
26337 at the University of CaJ.i:E'o:-:!ia, Berkeley, and under Contract 
No. NAS 7-100 at the J~t ?ropi.:.lsion Laboratory, Pasadena, California. 

" 
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the normals to the dispersion surfaces are defined by the gradient 
cf the locus of points satisfying Eq. (4). That is, for any parti
cular mode, the dispersion surface gives the wave number K(A,kz), 
and if¢ is the angle, defined from the kz axis, of a radius line 
to any point on the surface, then: 

(6) 

Then if vis the normal at any point on a surface, then the gradient 
operation yields a relationship of the type V = f(¢)· For the 
primary field, we seek at that gives a straight line pa.th from 
source to observer, and for the secondary field we seek a V for the 
incident mode that carries a r~y to the surface, then from the 
surface to the point of observation. The normal on the reflected 
mo~e arises from that point(s) on the reflected mode dispersion 
surface with the same horizontal (A) projection as the point on the 
incident surface from which V arises, thus satisfying Snell's law. 
If Ye coul.d fine the proper v for a_rarticular problem, we would 
use the inverse relationship,¢= f Cv), and use Eq. (6) to find 
the saddle point(s). In practice f-1 is a very high order poly-
nomial and we find the procedure difficult. • Instead the forward 
procedure, t = f(¢), is used in bracketing-type search algorithms on 
the dispersion surfaces. For the primary field, Ye search for a¢ 
such that the corresponding Vis the angle between source and 
observer. For the half-space problem, let h be the vertical distance 
of the source above the ground, and r the distance of horizontal 
separation. Then for mode j - mode j reflection, we search for a¢ 
such that V = tan-1 (r/2h - z): where z is the vertical coordinate 
of the point of observation. rr ri is the horizontal distance 
between source and point of reflection and r 2 is the horizontal 
distance bet~een point cf reflection and observer, then for mode j 
- mode k reflection, we search for those points on the dispersion 
surface Yhere r 1 + r 2 = r subject to the constraint cf Snell's la~. 
This search procedure was found to be very efficient; ty:pical computer 
time for the twelve saddle points for a given frequency is 2-3 
seconds on a CDC 6400 computer. 

By placing the source and observer well off of the interface, 
pole contributions may be neglected. However, the steepest descent 
path must be indented around branch cuts to preserve single-valuedness 
in the integrand, and the contribution of a branch cut is a diffracted 
-wave traveling laterally along the lunar boundary. Using an 
asymptotic expansion around the branch poir-ts, similar to that given 
by Felsen and Rosenbaum (1967), the branch cut integrals may be 
evaluated to give the diffracted wave contribution. Considering only 
the isotropic electromagnetic field quantities, the dominant lateral 
wave contribution is to Ez (electric dipole source) arizing in the 
MEX mode launched by an MP ..... MP reflection, the contribution being 
as high as 10% of the secondary field for r = 50 km. Also contributing, 
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solutions, and the solution in r, z, w space 

f °" "" [ .MOU ,ME\J 
T(~,w)· ei z, ei z, 

0 

is given 

eiMPUz r by: 

The reflected waves in the plasma satisfy the homogeneous 
fo:::-m of Eq. (3) and solutions exist only for the condition in 
Eq. (4). This again leads to MO, MEX, and MP modal solutions. 
There are nine homogeneous solutions, but only three are independent. 
The interdependence of the solutions leads to~ vector of reflected 
field quantities that are a matrix op~ration, 5, on the vector of 
reflected modal solutions; the solutior. in r, z, w space is similar 
to Eg_. (5). 

Two uncoupled, isotropic modes are transmitted into the lunar 
rock. For a particular source t;ype, one mode is alvays associated 
with the isotropic field co~ponen~s of the source, and th~ other 
mode with the Hall components of the source. The five boundary 
constants are found by equating tangential E a~d H across the 
boundary of a lunar half-space, and by setting the normal component 
of particle velocity to zero at this boundary. The last condition 
follows fro~ a postulated proton-rich sheath region at the lunar 
surface. 

':i:'he integrals of the type in Eq. (5) are extended to -o:i on 
the A axis by the usual procedure, and theasymptotic form o:f the 
Hankel function is used. These integrals are then evaluated by 
the saddle point method. From Eq. (5) it is clear that there are 
three saddle point integrations for any primary field quantity, 
represeo~ing the three plasma modes. For the reflected field 
quantities, however, there are nine combinations of' incident and 
reflected MO, MEX,, and MP modes giving rise to any field q_i.:.antity, 
representing nine saddle point integrations. ~se nine reflections 
may be easily expressed in an amplitude matrix, A, for the saddle 
poir.t integrations, with an element aij representing the amplitude 
function for the integral representing incident mode j - reflected 
mode i. 

Ph:ysically, the saddle poir.t represents a -wave carrying energy 
from the source to the observer for the primary field. For the 
secondary field, the saddle point represents a wave carrying energy 
from the source to the observer, but reflecting from, and satisfying 
Snell's law at the lunar surface. Mathematically, the saddle points 
are found by differentiating and setting to zero the argument of 
the exponential function in the integrand. In the present problem 
this can lead to polynomials in A.of at least twelfth order. We can 
appeal to the physical argument, taking advantage of the fact that 

-
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but insignificantly, are MEX refractions from MP-MO and MO-MP reflec
tions. For certain points of observation, the observer pasEcs from 
the propagation zone to the shadow zone as the frequency increases 
upward from the plasma frequency. However, the frequency band in 
which the observer is in the transition region; i.e., both the 
branch point and the saddle point expansions fail, is apparently 
quite narrow. From the MEX cutoff frequency (28,532 Hz) to 28,600 
Hz there is an important MEX lateral contribution due ~o an MC-MO 
reflection, for r = 200 km. This is ~he only type of refracted 
wave with an important contribution ~o Hz, magnetic dipole source, 
and the bE,nd of frequencies in the transition region is reasonably 
wider than that of the refractions mentioned above. 

The conclusions reached in this study, witr. regard to a remote 
mapping of the parameters of the lunar half-space are: 1) For 
approximately 1 kHz above the plasma frequency, anisotroplc effects 
in the plasma mask the lunar subs~rface parameters. These effec~s 
are mainly rapid changes in ray convergence w~th frequency and 
oscillatory effects due to constructive-destructive interference 
of r~flected modes. 2) Above 30 kEz, Hz ::'rom the magnetic dipole 
source is sensitive to the electrical properties of ~he lunar half 
space. 3) Above 30 k:EzJ Ez is insensitive to luna~ prcpe~ties. 
This follows from the boundary condition Vz = O, which essentially 
causes all acoustic energy to be perfectly reflec~ed, independent 
of the half-space parameters. It may be sho~n ~ha~ below 100 kEz, 
acoustic energy is the dominant contributor to Zz· 
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VLF TRANSMITTING ANTENNAS 
USING FAST WAVE DIPOLES 

Elwin 'W. Seeley 

Naval Weapons Center Corona Laboratories 
Corona, California 

The problem of radiating high power efficiently at 
very low frequencies can be solved by the use of large arrays 
of closely spaced horizontal fast wave dipoles. The opti-
mum antenna wave velocity is 1.1 time of that of free space. 
The theoretical efficiency increase of "N" dipoles over one 
is confirmed by measurements on a 5-dipole array constructed 
on Hawaiian lava. Design of a large efficient array is dis
cussed. For ominidirectional coverage, antenna radiation 
directivity is required due to non-reciprocal East-West 
propagation attenuation. 

1. ELEVATION AND AZIMUTHAL RADIATION PA'ITERNS 

Radiation patterns are derived by summing up the 
current on differential lengths by integrating over the 
current distribution of the dipole. The resulting current 
moment is then used with equations for the fields radi&t~d 
from a uniform current on an incremental length horizontal 
conductor, derived by Wait (1961), to obtain the radiated 
fields of the dipole. Radiation efficiency is then found 
by comparing these radiated fields with the field radiated 
in the horizontal plane by a lossless vertical monopole. 
The radiation efficiency of a dipole in the horizontal 
plane, for any resonant length, fed at a current maximum is 

8 
= 3 :zf£Cp Cos 2 ¢ r.sinha.)J.,A+jnCos(21Tl,lCos¢) + 

'11 $ tanhCOL1).+tanhaXl2~. L[w.,+2'r(~-CosQ')Jcoshcx.U1A 

(1) 
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Where Cp is antenna capacitance to ground, 
0 is azimuthal angle from axis of long part of dipole. 
9 is elevation angle from axis of long part 0f dipole. 
o is earth conductivity. 

c/V is ratio of free space wave velocity to that on the 
antenna. 

u 

is attenuation constant along antenna. 
is free space wavelength. 
is length of long part of dipole measured from feed. 
is length of short part of dipole measured from feed. 
is number of quarter wavelengths. 

fxlO_g 

jl80 

The efficiency in the elevation plane is derived from 
Eq. 1, by replacing Cos¢ outside the brackets with sin8 
and inside the brackets¢ is replaced by 9. U+sin8 

2. EFFECT OF FAST WAVE VELOCITY ON DIPOLE EFFICIENCY 

The wave velocity along a conductor near the earth is 
usually much 12:ss than free space,~ is typically 1.4 for a 
conductor one meter above the earth. The radiation efficiency 
is low at this slow wave velocity (see Fig. 1). The wave 
velocity can be increased by inserting series capacitors 
into the antenna which improves the efficiency in both the 
horizontal and elevation planes. The optimum wave velocity 
for efficiency occurs whenc/V= 0.9 for sky wave radiation 
and aboutcN=l.05 for ground wave radiation (see Fig. 1). 
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Fig. l.Resouant Dipole Efficiency Fig. 2.Skywave Launch Angle 

The sky wave launch· angle can be varied over a considerable 
range of angles (see Fig. 2). This is important for selecting 
the best VLF propagation 1DOde. 
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3. EFFECT OF PARALLELING DIPOLES ON THE ARRAY EFFICIENCY 

A single dipole is only a few eercent efficient but 
when ''N" closely spaced parallel dipoles are connected in 
parallel the radiation efficiency is increased ''N" folds 
reduced by a deteriorating factor caused by mutlla!l resis
tance induced in each dipole by all the other dipoles in 
the array. The efficiency gain of an array of dipoles over 
one dipole can be calculated by summing up the· .inverse of 
the ratios ~f the total resistance per unit length to the 
self rP.sistance per unit length of each dipole. Antenna 
losses have the greatest effect on efficiency when c/V = 1.0. 

The ratio of mutual to self resistance is directly re
lated to the dipole separation in skin depths. It appears 
that not much is gained by separating the dipoles greater 
than 4 skin depths. (see Fig. 3). 

•-ww--.n.,....._ 
.............. --.a 

·•~11'111:~ 

Fig. ).Efficiency Gain 

a. ........... T.-IMI 

c,. •• ,1."'11111 .. 

Fig. 4.Experimental Dipoles 

Radiation efficiency measurements made on a five-dipole 
array constructed on the lava beds of Hawaii confirm the 
theoretical increase in efficiency (see Fig. 4). The di
poles were resonant at 11 KHz where the spacing between di
poles was 3.6 skin depths. This would indicate a theore
tical increase in efficiency of 4.2 for the array over one 
dipole. This was approximately the measured gain. 

In general the azimuth beamwi.dth of the array will be 
narrowed over that of a single dipole by the array factor. 
For large arrays of many dipoles c~e azimuth pattern is ob
tained by multiplying the power pattern of a single dipole 
(Eq. 1) by the array factor of an array of isotropic radiators. 



-177-

4. LARGE EFFICIENT THEORETICAL DIPOLE ARRAY 

An antenna has been designed to transmit from the lava 
beds of Hawaii to illustrate the radiation effic~ency, power 
radiating capability and broad bandwidth than can be achieved 
with resonant fast wave dipoles. The electrical ?arameters 
needed to compute the radiation pattern (see Eq. 1) have been 
measured on smaller horizontal antennas above these lava beds. 
An array of 18 dipoles one and a half resonant, fed quarter 
wave from one end, are 40% efficient (-4 db) compared to a 
perfect vertical monopole. The mutual resistance between 
dipoles and the array factor have been taken into consider
ation in computing the radiation pattern (Figs. 5 & 6). 
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Fig. 5.Array Elevation Pattern Fig. 6.Array Azimuth Pattern 

The power radiating capability of this antenna greatly 
exceeds that of any existing transtlli.tter. The limiting para
meter is the maximum antenna voltage before onset of the 
corona which is 35 KV for #6 wire 20 feet above the ground. 
The 18 dipole array would radiate 22 megawatts. This is 14 
folds greater than the most powerful 'VLF vertical antenna. 
The half power bandwidth is greater than 50%. The efficiency 
of this array could be increased linearly with more dipoles 
and approximately proportional to length. A decrease in 
beamwidths would result, which is desirable in the elevation 
plane but not the azimuth plane. 

5. EFFECTS OF NON-RECIPROCAL VLF PROPAGATION 

VLF propaga~es around the earth with less attenuation 
in a easterly direction than in a westerly direction. 
Therefore co obtain omnidirectional coverage on the earth 
the transmitting antenna must beam the VLF in a westerly 
direction. 
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The horizontal dipole has this shape of radiation pattern 
while the vertical monopole radiated equally in all direc
tion~. Also the propagation attenuation is greater over land 
than sea water. In addition the noise levels in some regions 
of the earth are much greater than others. So in order to 
obtain equal signal-to-noise ratios over a large area of 
the earth directive transmitting antennas are needed. 

East-west non-reciprocal propagation has been shoYTI 
theoretically to be proportional to the component of the 
earth's magnetic field that is horizontal ~nd transverse 
to the direction of propagation. Experimental evidence 
(Watt & Croghan 1964) show the increase in attenuation 
rate of a westerly sea water path ov~r an easterly sea 
water path varies from 0.5 db/mega-meter at 25KH.z to 2.3 
db/mega-meter at 10 KHz, at the magnetic equator. The ratio 
of attenuation rate off the nbrtherly magnetic path to the 
rate on the north-south path varies as the sine of the azi
muth angle off the northerly path. Using this evidence the 
required antenna radiation pattern for omnidirectional 
coverage at a range of 10 megameters from the transmitter 
over a sea ~ater path has considerable directivity. The 
greatest directivity is required at the lowest frequency 
10 KHz where the required half power beamwidth is 70° and 
the front-to-back ratio is 23 db. 
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GROUND-'IJAVE PROPAGATION ACROSS STRIPS A!.1D ISLANDS 
ON A FLAT EARTH 

R.J. King, Univ. of Wisconsin, Madison 53706 
ii.I. Tsukamoto, Univ. of Colorado, Boulder 80302 

Abstract: Mixed path ground.wave propagation over a flat earch vas 
generalized to include 1:he effect of arbitrary nonhomogeneous 
regions such as islands and peninsulas. The theory was experl
mentally verified to a good order of accuracy using models and 
microwave frequencies (A,0 :: 7 cm..). 

The Elec1:romagnetic Compensation theorem has been extensively 
applied to numerous mixed path ground-wave propagation problems by 
ilait and others. Follo'Wi.ng some of the earlier concepts and tech
niques, the formulation has been generalized to arbitrary nonhomo
geneous flat surfaces [King, 1965; King and Tsukamoto, 1966}. 

The basic worldng formula for the groundwave attenuation f1.mc
tion when both the transmitter (A) and receiver (B) are on the 
surface is given by 

-ik(R+r) 
F' (d,Z,Z') • F(d,Z) - i ~ eikd f (Z-Z'> e 

! 0 s n0 rR 

•F'(r,Z,Z') F(R,Z) Cos 6 dS, (1) 

where F(d,Z) is the well-known Norton attenaation function [King, 
1969a] corresponding to a homogeneous surface,. k • 2wh,0 and ;\.0 i.s 
the free space wavelength, and "lo ::- 120:rr. Primed quantities denote 
the presence of a perturbation within area S (see Fig. 1). Terms 
which decrease faster than r-1 , d-1 ~ etc. , have been dropped~ im
ply.Lug that d ,.,. 10 , and that either A or B must be more than !o/2 
away from auy bolDldary enclosing s. The use of the surface impe
dance is valid if the dimensions of Sare much greater than the 
wavelength of the medium inside S [King, 1969b]. 
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For TE waves, oue can write the dual of (1) simply by replacing 
impedances by admittances. In view of the results obtained earlier 
for a completely homogeneous surface [King, 1969a, 1969c] it is 
likely that (1) can also be applied to situations where the lower 
media can have indices of refraction referred to air which are 
approximately UDity, provided th.at lzj2 and/or jz•l2 are much less 
than ni- Problems having surface impedatl.ces which are variable 
with position have received little attention. These are unex
plored areas which are open ~o further study. 

In principle, (1) can be solved for very general mixed path 
problems, even though it may be necessary to resort to numerical 
methods [Chric;tiansen and Larsen, 1967). There is, however, an 
abundance of cases where (,1) can be solved analytically, depen
ding upon the geometry of S. In particular, analytic solution 
is possible for surface segments which coincide with elliptic
cylindrical orthogonal coordinatesµ and e as shown in Fig. 2. 
[King and Tsukamoto, 1966). 'lbese results can also be approximate
ly applied to surface segments which coincide with xyz coordinates, 
such as rectangular islands, peninsulas (see Fig. 2), or any 
straight botmdary which is perpendicular to the di:rection of pro
pagation. In all cases c011sidered, the resu1ts were identical to 
those obtained by Wait. Calcu1ations were made for islands and 
peninsulas, and compared with experimental data obtained using 
microwave frequency models (~0 ~ 7 cm.). The resu1ts were good con
firming the theory and restrictions resulting from the approxima
tions made. In the regions where the approximations were valid. 
the experimental and theoretica1 data agreed within 2-3 percent in 
magnitude and 1° in phase. The results clearly showed the effect 
of the perturbing surface s. The familiar "recovery effect" was 
observed when B mov.ed across a highly conduct:iug surface. lnlen • 
the perturbing surface was to the side of the direct path, reflec
tions from S were observed, and the phase of the observed signal 
was quite noticeably effected. 
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SOME CONSIDERATIONS ON GROUND-WAVE 
PROPAGATION ACROSS COASTLINES AND ISLANDS 

Rayner K. Rosich 

Institute for Telecommunication Sciences 
Environmental Science Services A&ninistration 

Boulder, Colorado 80302 

Abstract 

The effect of inhomogeneities on ground-wave propagation is 
calculated theoretically. Sharp phase and amplitude changes occur 
near the boundaries between media. 

1. Introduction 

We shall describe the results of a study (Rosich, 1968) of the effect 
that inhomogeneities in the earthi s surface have upon the attenuation of 
the su.i--face-wave component of the ground-wave electric field at high 
frequencies. We shall also present some results from a recent study of 
the effect on the attenuation of the placement of antennas near a coast
line. These results were obtained from a model (Hufford, 1952; Wait, 
1956; King, 1965) where the attenuation func
tion is given by an integral equation that is 
_solved nUinerically. Computatior..s were made 
for particular land-sea paths (see figure 1) to 
aid in the design and evaluation of the high
frequency ground-wave radar at the Naval 
Research Laboratory1 s Chesapeake Bay in
stallation. 

2. Propagation Across an Island 

Figures 2 (for t:,,. = Om.) and 3 show the am 
plitude and phase of the attenuation function 
versus the distance from the transmitting an
tenna. The four graphs in figure 2 illustrate 
the frequency dependence of the attenuation in 
the homogeneous (all sea) and inhomogeneous 
cases. The inhomogeneity is a peninsula 6.85 
km. long (0.5km. wide) between 28.30 km and 
35.15 km. from the transmitter on a bearing 
160 ° E of N (s~e figure 1). The dependence ,4,Q" 

upon the electrical param.eters of the inhorno- Figure 1. Map of' • 
geneity(relative to the rest of the path)is il- the r a ation aths. 
lustrated by the four graphs in figure 3. The inho:mogeneity here is an 
island 4. 32. km long (3.54 km wide) between 84. 18 km. and 88.50 km from 
the transznitter on a bearing 150 "'E of N (see figure 1). The values of the 
electrical pa.ra.:meters are given on each graph along with the frequency 
and bearing. Note that the changes in phase and a.znplitude are greater, 
the gzeater the difference in electrical parameters between the inhomo
geneity and the rest of the path, as might be expected. Also note the 
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"recovery" effect in the phase and aznplitu.de i.rnnlediately following the 
inhomogeneity. This effect was first discovered by Millington (1949a,b) 
along with a fairly complete theoretical explanation of the amplitude 
effect. The phase effect was confirmed by Pressey et aL(l956). Elson 
(1949} remarks that this phenomenon is due to a vertical redistribution 
of energy near the boundaries between media and that it is inevitable, as 
the field must vary differe~ntly for different electrical parameters. 
Hence, the height-gain function v.i.11 be different on either side of the 
boundaries. A rough measure of this redistribution can be seen as 
follows. According to Wait (1964), for low heights and sufficiently far 
(>>)j from the boundaries, the height-gain function, h. has the approx-

. unate form. given in figure 4. A comparison of the graphical results 
with the tables in figure 4 shows roughly the sa.m.e trends (Rosich, 1968). 
This lends some support to the redistribution hypothesis. 

3. Propagation Across a Coastline 

At 10 MHz for the path used in figure 2, figures 2(a) and 2(b) show 
the effect of m.oving the transmitting antenna from a site over water 
( 6. = Om), across a coastline, to land. The percentage changes in the 
amplitude and phase (relative to 6. = 0) before and across the "island" of 
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inhom.ogeneity are shown in figure 5. 
The m.agnitude s of the changes are 
large st before the "island", while the 
percentage change is significant in 
both regions. For the land-sea-land 
paths, nothing can be said about the 
region following the "island", as the 
model only allows a three-section 
path. To prevent m.isunderstanding, 
a few questions should be anticipated. 
They are: (1) How valid are the results 
for ! t I Iess than a few wavelengths. 
since the model ignores t-he statie and 

(I) h Cz) 11 J +ikz CZ l11o> 
Z = Re (Zl +ilm(Zl 

(2J h(z) 11 (1-kz Im [Zll11ol + ikz Re (Z)l"lo 
(3) For lzl« I 

lhCz} J 111-cz z, 
wf,e,e Arg (h (z)) II /3Z, 

a• klm (Z) /"lo, /3 - kRe(Zl/110 
(4) 

ALL PATHS PA'Tl-lS I a 3 PATH 2 

ir ~~ i~ =-==--==--= t'.f _-_-_-_-_-_- ~m~ 20MHz- 6.8 7.1 6.4 8 9.6 0 
25 M~ - 9.5 10 --- 6S 134 13.0 14 

THE VERTICAL REDISTRIBUTION OF ENERGY 

Figure 4. 

induction fields of the antennas? (Z} Is the case ''b.= 0" really this case, 
since the m.odel ignores the land behind the coastline? In answer to (1), 
the results of Wait ( 1963) show that the results should not be altered 
significantly except in a region ID. I<< 1 (actually a skm depth) around the 
coastline.. The only change is the removal of a singularity (not shown 
in figures 2 and 3) in the field at the boundaries of the media. Thus, for 

------- ------------- -~---------------------~-----=-"-----------



i 
.;. 
E •!O ., . 
C 

-; .. 50 
le" 

3 
i --~ 
~ 

If. 

•I>. 

D!'rl H1t IllPtl 

{ 1.1'2 ·~} 
Cl ■ 1111,7'1,0 lm [Agr•m1n1 to C,l")i,) 

21,:,-....,., 

la) 

ID lD lO ., lO 

6.lrnl-
" 

. .. 
0 

0 

Q. 

. .. 
"Z, -so 

lO 

ID 

·20 

,., __ 

"~------ t1'n ,,.., 1,w 
--.. --_::_------.!?.•!!~'?., __ 

-----~-~ --------

!.ct2U ffif h?"'9 

,, 
" 

.. 10 I> " 10 

Figure 5. The percentage changes in the amplitude and phase before 
and across the 11isla.nd11 relative to the ~= 0 values . 

small values of j .0.j the results presented here are- approximately cor
rect or at least indicative of the behavior. Because of this, and the fact 
that the model ignores reflections from boundaries and the effect of any 
media not actually traversed by the wave, the case labeled 11 ll.= 0 11 should 
be labeled 11 6 slightly greater than a skin depth in front of the coast-
line. 11 Since the skin depth here is between 1 x 10-5 and 1 x 10-sm, 
"t.= O" should convey the correct meaning. Also, Wait (1963) showed 
that the reflection effects are relatively small, thus the results are 
good approximations. This answers objection (2). 

4. Conclusion 

From these results, the utility of the model for investigating 
environm.ental effects on ground-wave propagation is clear. 
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EFFECTIVE GROUND CONDUCTIVITY MEASUREMENTS AT 

RADIO FREQUENCIES USING SMALL LOOP ANTENNAS 

W. L. Taylor 
Institute fa:: Telecommunication Sciences 

Environmental Science Services Adzninistration 
Boulder, Colorado 80302 

ABSTRACT 

A new technique was developed to me,1sure the 
mutual impedance of two loop antennas and ..vas used 
to determine the effective conductivity of the earth's 
surface at frequencies of 1-3 MH~. Measurements 
in a four-state area revealed differences in ground 
conductivity exceeding 100: 1. 

There are several methods of determining the local RF 
conductivity of the ground at selected sites. These include the 
determination of suxface impedance by measurement of the wave 
tilt of signals (King, 1968), the use of four-probe arrays {Wait and 
Conda, 1958}, and the measurement of mutual impedance of two 
loops. 

The wave tilt method is hampered by unce:-tainty about 
the effects of topography. The ground probe methoci is limited to 
sites where intimate contact between the electrodes and the earth's 
surface can be maintained. The two-loop mutual impedance method, 
free from the above limitations, requires only that the loop frame 
of reference must be parallel to the local site plane of the ground 
surface. 

Earth conductivity measurements presented here were 
initially made to assist in the prediction of field strengths and the 
interpretation of data relative to :MF' and HF ground wave propa
gation. 

Transmitting and receiving antennas were designed to 
operate between frequencies of 500 kHz and 5 MHz and at separation 
distances between 2 and 30 meters. The transmitting antenna was 
a single turn, 2. 5 cm diameter tube wit~.: an overall diameter of 
0. 8 meters. The loop was tuned with P4rallel circuit condensers 
and adjusted to a Q of about 20. The receiving antenna w~s 4 turns 
of No. 10 insulated copper wire electrostatically shielded • ~ a 0. 7 
meter square frame. ::oth loops were mounted such that their 
orientation could be readily changed for various configurations. 

______ _,_, _________________ ___ 
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The only two orientations used in this work were (1) both 
loop planes vertical and mutually coaxial and (2) the transmitting 
loop axis vertical and the receiving loop axis passing through the 
center of the transmitting loop (perpendicular}. The amplitude 
and phase of the receiving loop signal relative to the transmitting 
loop current were measured at separation distances of 5 and 10 
meters for 1, 2., and 3 MHz. This gave 24 data values at each site 
which were ample for the present work. 

Theoretical curves of the amplitude and phase of the 
receiver voltage relative to the transmitter c,.irrent at 5 meter 
separation for both orientations at 1, 2 • and 3 MHz are c:hown in 
the accompanying figures. Amplitude versus conductivity curves 
are sbovvn in fig. l with the data from perpendicular and coaxial 
orientations at a particular site plotted on the corresponding 
curves. The combination data points, although plotted on the 
coaxial curves, represent the conductivity for which the theoret
ical ratio of coaxial amplitude/ perpendicular amplitude was equal 
to tbe experimental ratio for each frequency. Curves of phase 
versus conductivity ;:l.re shoVilD. in fig. 2 with data from the same 
site as used for the amplitude example plotted on the corresponding 
curves. 

In this particular example, the range of conductivities 
extends from 4. 5 to 9. 0 x 10 - 2 with a median of 7. 5 x 10-2 mhos/ m. 
It is interesting to note that double values of conduc6vity are 
possible above certain amplitudes for the perpendicular data and 
above certain phase values for the coaxial data. The correct 
solution will, however, result in mutually consistent values of 
conductivity from 2.1::. data of a particular site. 

Conductivity w-as measured at 142 sites using this tech
nique in Colorado, Wyoming, Idaho, and Washington. Individual 
values of measured site conductivities varied from 4 x 10-4 to 
1. 25 x 10-1 . Agreement was good between the rnedian values of 
conductivity obtained from the loop method for large areas and the 
values obtained from --ono.uctivity maps of the United States based 
on propagation in the mediUin frequency broadcast band. The 
general agreement was excellent when median va:ues of conductivity 
obtained from this method for a particular area were compared with. 
conductivities deduced from propagation measurements from the 
same area. 

Cornparisons were made between the conductivity values 
from the loop induction method ca.!ld the d. c. ground probe method. 
Agreement was very poor except for sites with very high conduc
tivity. 
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Comparisons of conductivity obtained by these two 
methods are not expected to agree because the probe method is 
relevant for conductivities to great depths as a function of probe 
spacing, while the loop induction method indicates conductivities 
at depths determined by approximately the skin depth at each 
frequency. t 

The loop induction method for determining conductivities 
worked well and proved to be convenient in the field. Advantages 
of this method include (1) the measurement of e!'fective earth 
conductivity at a particular radio frequency of interest, and (2) 
physical contact with the ground is not required. Furthermore, 
the method can, in principle, be employed to measure dielectric 
constants (Wait, 1954}. 

The author is indebted to H. M. Burdick for equipment 
design and construction and for field operation, to R. F. May for 
field operation, to J. R. Jobler for calculating the theoretical 
values of the mutual impedance of two loops above a conducting 
mediwn using the results found in Wait {1955) and Keller and 
Frischknecht (1966), and to D. D. Crombie and J_ R. Wait for 
their ~--~ ~ge stions and stimulating conversations. 

Keller, G. V., and F. C. Frischknecht (1966). Electrical Methods 
in Geophysical Prospecting (Pergar:1.on Press, N. Y.) 

King, R. J. (1968), Crossed-dipole method of measuring wave 
tilt, Radio Sci. 3 (New Series). No. 4, 345-350. 

Wait, J. R. (1954}, Mutual coupling of loops lying on the ground, 
Geopbys. 19, No. 2, 290-296. 

Wait, J. R. (1955), Mutual electromagnetic coupling of loops 
over a homogeneous ground, Geophys. XX , No. 3, 630-637. 

Wait, J.R., and A. M. Conda (1?58), On the measurement of 
ground conductivity at VLF, IRE Trans. AP-6, No. 3, 
273-277. 

t 
Also, ground conductivity may itself be a strong function cf 

frequency. (Ed. ) 
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PHASE MEASUREMENTS OF ELECTROMAGNETIC 
FIELD COMPONENTS 

Patrick Cornille 
Post Doctoral Researcher at the 

University of California, Berkeley 
from Lille, France 

ABSTRACT 

A method of phase measurement of electromagnetic field 
components produced by dipoles on a stratified conducting half
space is described. A synunetric process with a high frequency 
transmitter and two high frequency receivers is used in order to 
get a phase reference. This method has been applied to measure 
the phase of the component Ea radiated by a horizontal elec
trical dipole on a stratified conducting half-space. The expres
sion of the phase for an N-layered medium is given in the case of 
the quasi-static approach. A three layered model has been chosen 
to compute the solution in order to compare theoretical and 
measured results. 

I. Introduction 

The purpose of this paper is to describe a general method 
of phase measurements of electromagnetic waves in the near 
zone range. To measure the phase of an electromagnetic wave 
radiated by a dipole, we need a link between the tra."lsmitter and 
the receiver. A syrnrnetric radio link has been chosen in order 
to av.:,id many technical difficulties. This method can be used 
for any kind of dipole over or on a layered medium and even in 
the case of a dipole buried in a well. 

II. Description of the Process 

The process uses one high frequency transmitter and two 
high frequency receivers (Fig. 1). The signal given by one of the 
high frequency receivers is amplified by a low frequency trans
mitter and sent in the ground. This signal is received by a low 
frequency receiver and amplified through one channel of a dual 
tuned amplifier. The signal given by the other high frequency 
receiver. through the other channel, gives the reference of phase 
for the signal picked up in the ground. The accuracy of the whole 
system mainly depends upon the accuracy with which the two 
channels are in phase. 

--------------------- , ______________________________ llia,l..., -
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III. Measurement 

This process has been used with a H. E. D. to measure the 
phase of the electrical component Ee • In order to compute the 
numerical solution, a three layered model has been chosen. The 
thicknesses of the first two laye:!'S have been taken on the cross 
section which was available (Fig. 2). Only the first two resis
tivities were approximately know. The resistivities of the two 
next layers were unknown. however these two layers were as 
conductive as the first one, so the same resistivity has been 
given to the third layer of the model. It is interesting to point 
out that this process has been applied to the phase measurement 
of the current along a long wire antenna lying on the ground. At 
10 KHz for a 500 m long wi:::-e a 0. 8 radian phase shift bas been 
found at the end of the antenna. 

IV. Formulation (Ref. 8) 

The phase of the component Ee of a H. E. D. can be calcu
lated from a Hertz vector that bas two components: IT and Il 

h .. X Z 
w 1ch are: 

-Y R 
0 

n = 
XO u 

0 

n 
zo = J (>.. r) d >... 

0 

with 

and yl 
Nl 

= or 
and zl = Kl ~l 

where the coefficients: dj1 and Q1l are calculated with the re
cursive relations: 

z n+l z . 
yn un+l 91 + Yn+l un tanh un hn 

z z n+l 
Yn+l un + yn un+l QII tanh un hn 

n 
QII = 

-
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n+l 
u al. + u +ltanhu h n n n n 

n+l 
Un+ l + Un al. tanh Un hn 

For a half-space we have: Q1.1 = cij1 = 1 and Y. = N Z =K1 . 
If we try to compute a half-space equivalent to th~ st:ra!ifiea 
~ediuzn we have: ~e = K 1 cij1 and Ne = N/dl. . After rnatch-
1.ng these two equations, we get: 

y 
(1) 

If the coefficients a11 and d-1 do not depend upon A • we can 
in the expression of &e half-space set y instead of y1 and the 
problem is solved. The pa.th o.f integratiin in }\. is, given by 
Fig. 3. We can write: >.. = - J y sin 8, so for a real angle 8 , 
we have: 0 

}t.. = J£_ sin 81 and >.. - W ch 0• 
C C 

for a complex angle. 

In the quasi-static approach. we set Iv I 
for a real 8 1 we have: O 

w 
= - ~ 0. 

C 
so 

u 
n 

and, therefo:re, 

V. Discussion of Results (Fig. 4) 

We can notice on the set of curves a:c. i.Inportant shift be
tween the quasi-static curves and the experimental curves and 
the diminution of this shift witb the distance 1 r 1 and the fre
quency 'f' . It seems that unfortunately we cannot use the 
quasi-static approach for the phase in the near zone and neglect 
the contribution of the complex 0 . This fact has been pointed 
out by Wait in a paper (7). In order to show this effect. the phase 
ha.s been calculated in the case cf an equivalent half-space with 
the formula (1) with J... as a constant decreasing with •r• . 

At last we get the third set of curves with the num.erical 
solution computed without approximation. 

j 
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RADIAL WIRE GROUND SYSTEMS FOR 

VERTICAL MONOPOLE ANTENNAS 

S.W. Maley 

University of Colnrado 

ABSTRACT 

A vertical monopole antenna above the surface of the earth 
has an efficiency dependent upon the characteristics of the 
ground system extending out from the base of the antenna on the 
surface of the ground. The effects of a simple radial wire ground 
system on the efficiency are well understood. These effects are 
reviewed; also observations have been made on the possible effects 
of other more sophisticated ground systems. 

The base impedance of a vertical monopole antenna ov~r an im
perfectly-conducting ground is given by (Wait, Pope, 1954) 

co 

z = Z~ - ~; ! H;(r,o)Er(r,o)rdr 

0 
0: co 

(1) 

where Z and H (r,o) are the base impedance and magnetic field 
that would e.xiit for an antenna base cur~ent 10 if the ground were 
perfectly conducting. E (r,o) is the tangential electric field 
for the actual imperfectfy conducting ground for the same antenna 
base current. The time dependence is exp(iwt) where w is the an
gular frequency and i = (-])½. It is assumed the ground can be 
charac£erized by a surface impedance n where E (r,o) = - nHm{r,o) 
~ - nH (r,o) and that a ground system extends from r=a out to r=b 
as shotn in Fig. I then (1) can be written (Maley, King, 1964) 

b oo 

z = Z00 + 2~ J n rl0 (r,0)] 2 rdr + 2; Jn [H:(r,o)] 2rdr 
I a e L <P I b 9 ..., 

(2) 

0 0 

where n is the surface impedance of the ground for grazing inci
dence wTth the ground system in place; it is nonnally a function 
of r. n is the surface impedance, for grazing incidence, of the 
ground ~thout the ground system in place; it is given by 

n2 tiuw J¼ 

---~------·__,. ,. 
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where y0 and y2 are the propagation constants fo~ plane waves 
above and below the 2ground respectively. They are given by 
Y~ = - w2µ 0£ 0 and y2 = - w~ 2g 2 + iwµ20 2 . ne is the parallel 
combination of impedances consisting of ng and ~w· n~ is the im
pedance of a wire grid in free space; it 1s given by tWait, Pope. 
1954) 

= 
i2'1Tn r 

0 

AN (3) 

where A is the free space wave length, N is the number of radial 
wires, and c is the radius of the wires. The magnetic field, 
H:(r,o), for the case of a perfectly-conducting ground is well 
known for a sinusoidal distribution of current on the antenna 
(Wait, 1959); so calculations may be made from (2) for a variety 
of ground systems (Maley, King, Branch, 1963). 

If the ground system extending from a radius of 11a11 out to a 
radius'of bis a perfectly congucting disc, then ne = 0 and (2) 
may be used to calculate Z - Z = l::.Z = 6R + ill.X. Typical values 
for a quarter wave monopole with a sinusoidal current distribution 
are shown in Fig. 2. This figure shows l::.R is minimum for about 
one quarter-wave length disc radius. This is the value that would 
result in maximum antenna system efficiency for a disc type of 
ground system. For the case of a radial wire ground system, cal
culations may be made from (2) and (3); the results for a typical 
case are shown in Fig. 3 for the resistive component ~R only. 
l::.R for the case of a perfectly-conducting disc (ref. Fig. 2) is 
also shown in Fig. 3 for comparison. It is apparent that the 
radial wire ground system has an effect similar to that of the 
radial disc, but the effect is not quite as great. If the number 
of wires, N, were increased without limit the curve in Fig. 3 for 
the radiai wire ground system would approach the curve for the 
radial disc ground system. 

In order to investigate the possibility of designing a 
ground system better than the radial wire ground system, it is 
convenient to put (2) into a slightly different form. It may be 
recalled that wave tilt, Wis related to surface impedance. It is 
given by 

E {r ,o) 
W - _r __ ,... 

- E2 {r,o) 

where E (r,o) is the vertlcal component of the electric field at 
the surface on the ground. The wave tilt in terms of the param
eters of the earth is (Wait, 1962) 

', I 
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where n2 and nO are the intrinsic impedance of the earth and of 
fr7e-space given by 

l 
µ 2 

( 

0 ...,_ 

-e:-) 
0 

Using this it is easily seen that for 

earth the wave tilt can be written W 

the case of a homogeneous 

- n,, --"- It is reasonable to - no· g 

assume that a similar relationship is valid when a ground system 
is in place; thus in the presence of a ground system with ef~ec
t_ive surface impedance, n the wave tilt may be written W = n 

0 
then (3) may be written 

z = 2
00 

+ rdr + 
21TTlo 

7 
0 

(4) 

Considering the various possible ground systems it may be 
said that the wave tilt We will be maximum if there is no ground 
system at all. It will be less for a r,adial wire ground system 
and will result in better antenna system efficiency ~for radii in 
the vicinity of A/4 or less). A radial disc ground system will 
have a wave tilt of zero over the disc and will result in still 
higher efficiency. In general the less the wave ti 1 t the higher 
the efficiency. 

A question that naturally arises concerns the possibility of 
a "neqat ive" wave ti 1 t; (s i nee wave ti 1 t is a comp 1 ex quantity as 
defined above, a "negative" wave tilt wil 1 be interpreted to mean 
it'nas a negative real part.) if such a possibiiity exists th~n 
the sign of the integral fr~m a to b would change and 6R would. 
decrease (algebraically) making antenna system efficiency higher 
than for a perfectly conducting disc ground system. A ground 
system that causes a negative wave ti.lt may therefore be superior 
to a perfectly conducting &isc. The practicability of construct
ing such a system is debatable. One may consider a ground system 
which is perfectly conducting but which is a fast wave structure 
on which the phase velocity of the radial current is higher than 
the phase velocity of the waves above the ground. Such a system 

-------------- -----------------------
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apparently would have a negative wave tilt and would imprpve ef
ficiency as mentioned above. As an example, if the wav'e" tilt 
were made the negative of that for the radial wire ground system 
of Fig. 3, the incremental resistance would be as noted for the 
curve labeled fast wave system in Fig. 3. It may be possible to 
approximate'such a system by using a radial array of conductors 
each of which is a fast wave structure itself. Such a structure 
would resemble a radial wire system but fast wave structures 
would be used in place of the wires. 
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SOME DF.SICN CONSIDERATIONS FOR HF ANTENNA CROUND SCREENS 

T. Kaliszewski 

General Electric Comf:)<iny, Syracuse, N. Y. 13201 

ABSTRACT 

The principle i:-easons for the deployment of large ground screens with high frequency 
antenn:is and some factors affecting their design are discussed. 1To demonstrate the com
bined eifect of a coplanar screen-ground system the results based on the Compensation 
Theorer.i are used to compute the input resistance and the low angle radiation field for an 
ele'l.·ated, vertically polarized Hertzian dipole. Samples of the design curves, permitting the 
tradeoff between the parameters of the screen and the radiated power, ::ire presented for a 
set of typical ground constants. Some further problems of interest. to the design optimiza
tion are identified. 

1. General Remarks 

Among the many factors affecting the choice and siting of large, high frequency antennas. 
those arising from the interaction of the radiation with the ground are of considerable im
portance•. The input impedance of the antenna and its raaiation field are critically affected 
by the electrical properties of the surroundings, especially i'1 the case of vertical polariza
tion. The properties of the ground affect also the performance of direction finding systems 
by introducing a siting error which. as a rule, is difficult to isolate and to estimate. An
tennas must frequently be erected on sites with poor electrical and topographical features; 
they may also be subjected to severe climatic ch:m,:es. 

To insure a satisfactory performance of the antenna in such circumstances, ground 
screens of finite size are used. For fixed. single-element antennas the screens may consist 
cf radial wires of adequate spacing. A square mesh is used whenever rnultielement struc
tures are employed ,or w.ltere the phase center of the antenna varies in position with frequency. 
Such "imperfect" screens· are effective in reducing the -variable and deleterious effects of the 
ground and in bringing the performance of the antenna closer to the level associated with an 
"ideal" site . ' 

The deployment or the ground screens is decisively affected by their enormous cost. To 
arrive at an economically admissible configuration some sort of tradeoff analysis must oe 
performed. Such an allalys:s is currently possible for a constrained problem posed by a 
Hertzian dipole which is e!evated above a h:·o-cornponent grou~d systeII". The analysis is 
based on the Compensation Theorem and is, in general, susceptible to further modifications. 

2. The Compensation Theorem 

The basis for our tradeoff analysis is the Compensation Theorem which states the follow
ing P.,lonteath, 1951): 

Z'ab - Zab = [~] ff h1' - T/) 6 at • H'bt dS (l) 
Io S 

Here, Zab• Z'ab are mutual impedances between a source dip::ile !. and a reference!!,, the 
latter placed in the far field of a. The integration is over S. the ground surface over which 
the fields Ha.t and H'bt are not negligible. Tile surface is characterized by the impedances 
Tl and 71', and I 0 is tbe dipole current. 

In the application of this theorem it can oe usually assumed that the unprimed quantities 
are known1. for example, when the surface is homogenecus and, perhaps, perfectl~· conducting. 
The field H 'at is, however. never known a priori•. A reasonable practice is to :issume that 
the modtfiea and unrnocli:fied fields are nearly identical. A further condition for its use per
tains to the validity of the concept of surface i.ni pedance. The adequacy of that characteriza
tion usually can be tested by examining the propagation constant of the medium and the rate 
at ·which the fields change over the surface (Gadzinski, 1961). 

For the purposes of computing changes in the dipole's input impedance equation (1) can 
be reduced to 

~z == [ 1:2 ] ff;: TJ' m2 / as (2) 

I 
I 
I 
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whc-rc use also hm, been made of the usual assumption th::it TJ = 0 (perfectly conductin,::- refer-
ence sud::ice). • 

To compute the modified far field of the dipole we note that it can be related to the un
modified field as follows 

z' ] E' = E [ "ab 
v v zab 

The evaluation of this relation is, however, no sirn plc matter and even for a constrained 
problem as discussed here requires a numerical computer solution. 

3. The Effect of Finite Screen on Input Impedance 

(3) 

To calculate the change in the dipole's input impedance we use equation (2} and red•1ce it 
further to take advant:1ge of the polar s_vmmetry and of the assumption that 7l' = constant. 

~z "' [ 1
2 ] 7J' f"' [H 0""(r.0)] 2 2;.-r dr (4) 

I 0 r=b 

For a Hertzian dipole. H 0""(r, 0) has the following form 

jk(I f) [ ., ?]l/2 [ 1] "kR 
H ""( 0) = --0- R- - h- 1 + - -J o r, 2;.-R jkR e 

where the meaning of the \·ariables is that shown in figure 1 and k = 2;;-/),_; (101) is a dipole 
moment. 

The integration of equation (5) yields the following result (Monteath, 1951). 

~Z a:: 7/' k? t2 [_i._ [1 - _j__l [1 - h2 ] e -j2kro - Ei(-j2kr >] 
2;;- kr0 2kr0 l 2r◊-2· . o 

Here r = hcsc 0and Ei (-j:,:) is an exponential integral. 
0 

(5) 

(6) 

We ha~·e applied the above result to the case of an SO-ohm (free space] dipole elevated to 
a height of a quarter wavelength. A real part of ~Z has been computed and is shown ir. fig
ure 2. The two grounds, termed "good" and poor," o.re characterized by the following con
stants. 

Figure 1 

Poor: • = 4.0, 
Good: • = 10.0. 

,:r -- 0.001 mhos/meter 
a-= 0.01 mho;;/rneter 

13,----,---..,.---.-----',.=~"-'.:.:;72 
E~EvATEC 
ut:RTICAI. 

MEl'iT7lAN CIPOLE 

Figure 2 

\ 
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To compute the total input resist::tnce of the dipole we note that the above change must be 
added to the res:istance which the dipole has at the same height over a. perfect ground, 

Re (Zl = Re (Z.,) + Re (aZ) 

We ma.y note also, in passing, that the value of Re (Z00) :it the height considered here is 
about 100 ohms. 

-t. The Effects or Finite screens on a Low Angle Radiation Field 

('i') 

The basis for our demonstration o[ the ecrects o[ a !inite. imperfect screen on the low 
:.ngle r:idiation field or the probe dipole is certain results or Wait (1967), based on the Com
pensation Theorem and subject to the usual limitations involved in its use. In addition, the 
results are obtained for :1 constant impedance screen. This implies the use of either radial 
or parallel wires located upon the ground or buried within. Furthermore, the flat earth ap
proximation restricts the valtdity of the results to elevation angles greater than about 2°. 
Witllin these limitations, the radiation field can be written 

iµowo(Iol> "kR '> 
E == ------- e -i • cos~ 1/i w• ,, 211"R -> (8) 

where W' is, in general, a rather complicated function of the surface impedances of the screen 
and the ground, of di.pole height, and of the position of the observation polnt. For a perfect 
g1:ound W' reduces to 

w:., = cos (kh sin !f,0 } (9) 

and is equally simple for a homogeneous, unscreened ground, 

W• _ 1 [ ikh sin lf;0 . -ikh sin ~o] 
o - 2 e .,. Rv e (10) 

where R\" is the Fresnel reflection coefficient. Obviou.sly, the latter case corresponds to the 
ueual •·space" field of the dipole. 

What is computed in the following is the radiated power relative to that which would pre
vail if the ground was perfectly conducting and infinite in extent; i.e., 

W'· 
Power loss = 20 log10 W- (dB) ... 

The:impedances are calculated as follows (Wait, 1959) 

where 
iµo d 

zg== T dloge 'Ea 
and 

[ 
µ 1l/2 

~ == € + :: j 

(11) 

(12) 

(13) 

{14) 

where d = spacing of the wires, a= radius of the wires. E' = relative dielectric constant. and 
a = conductivity {mhos/meter). 

The computations are for the parameters as shown in figures 3 through 6. Figures 3 
and 4 demonstrate the effect of screen length; the effect of screen impedance (i.e., wire 
spacing) is shown in figure 5, and finally, th~ eff<!Ct of ground parameters is shown in fig
ure 6. 

\ .. 
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The results presented bere provide a reasonable guidance in matters pertaining to the 
economical design of the ground screens. Thus, g-!ven a set of ground parameters, antenna 
height, frequency, :and a specified level of radiation field, it is possible to arrive at the 
basic screen design parameters, that is, its length and wire spacing_ Usually, these two 
parameters are calculated at the lowest and highest operating frequencies, respectively. 

It should be noted that the present results have been obtained for a constrained problem 
and extrapolations to more complex cases should not be attempted without further justifica
tion. This applies especially to screens which may present a variable surface impedance to 
the incident radiation (examples: elevated parallel or radial wires, wtre mesh). The ap
proach exploited here is capable of accommodating the case of a generalized screen imped
ance (Wait, 1967). It is also possible to extend the analysis to a multicomponeDt ground 
system such as represented by a screen, beach and sea combination (Andersen, 1963 
Christiansen and Larsen, 1967). Problems connected with snow accam.ulation, ice coating, 
or vegetation appear also to be susceptible to solution: however, the Compensation Theorem 
does not appear to present a suitable framework for consideration Qf problems involving 
nonplana.r or rough grounds_ 
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