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ABSTRACT 
'..j 

Se ,eral examples of the numerical evaluation of an integral 

equation for the calculation of the attenuation of a radio wave are given. 

These waves are assumed to be pro?agated over realistic, smoothly 

varying irregular, inhomogeneous terrain. Results for propagation 

over a cylindrical earth show an accuracy to 3-4 significant figures 

when compared witli the classical residue series. Calculations for 

propagation over smooth mixed land-sea paths agree with classical 

method;;. The applicability of the program to permit computation of 

propagation over terrain with smooth height variation is d�monstrated 

by ·.:alculations of propagation ovel" one and two Gaussian-slaped hills. 

The ability of the program to allow treatment of variations in both 

ground conductivity and height co:nbir,cd is illustrated by calculations 

of propagation from th,� sea up a sloping beach and by .::alculations of 

propn.�ation over an island. Thie last example illustrates th,? 

importance of the terrain profile in mix�d path caJ.culatio;is. 

iv 



1. INTRODUCTION

Despite numerous attempts, a numerically feasible way to 

calculate the field strength of a radio wave propagating over realistic, 

smoothly varying, inhomogeneous terrain, has not yPt been found. 

Hufford (1952) developed an integral equation for such propagatilln by 

using the free-space Green's function in Green's second identity a.n<l 

showed that his solution yielded the c1 ':l'lsical result for propagatiun 

over a smooth sphere. Berry (1967) succeeded in sulving the equation 

numerically for vertically polarized radio waves, showing sample cal­

culations up to IO MHz. If the normalized surface impedance is not 

much smaller than I, the numerical techniques are very inefficient, 

however, and round-off errors accumulate so fast that the results are 

not useful. For normal ground constants, this condition excludes all 

horizontally polarized waves and all vertically polari�cd waves above 

a few megahertz. 

The method used in this paper is based on an elementary function 

that is closely related to the Sommerfeld flat earth attenuation function. 

This elementary function satisfies a scalar ·'parabolic,. wave �yuatiun. 

The resulting integral equation is numericcL!ly feasible for both vertical 

and horizontal nolarization and for normalized surface impedances in 

the HF band. 

The problem to be solved is illusuated in figure 1, whh:h shu·,vs a 

possible propagd.tion p,:i.th. The signal at the receiver is affected by the 

mean curvature of the earth, height profile along the f,ath, and the ch,.n).!e 

of surface impedance along the path. The changes may bl· abrupt (l'. g., 

at a land sea boundary), or gradual (e.g., as the sea state, t«.-mpcratur1•, 

or salinity change). The problem of abrupt changes in surfa,:t• imped­

ance at smooth land-sea boundaries has been solved /Wait, 1 rit,� i. 

Numerical results for changes in surface impedancl" have bt.>cn caku­

lated by Rosich ( 1968, 1970 ). 
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Figure 1. A possible propagation path. 



The present work allows the terrain to be represented by a 

completely arbitrary profile in terms of the elevation versus distance. 

The hills and valleys themselves are taken to be uniform in the direction 

transverse to the propagation direction. The terrain may also be char­

acterized by a conductivity and dielectric constant which arE: functions of 

distance. 

fhe main body of the report describes the results of calculati<ins 

for several examples including paths similar to that in figure : . The 

appendices contain the derivation of the integral equation, the n<:-cessary 

numerical analysis, and a listing of the Fortran computer prugram. 

2. THE INTEGRAL EQUATION

The derivation of the integral equation is given in appendix A. The 

details will not be reiterated here, but the final result is (Ott, 197 l) 

where x, �, y(x) and y(�:) are defined in figure .�. The factor I • - • ) - � r 

(l) 

arises in mixed-path problems. That is, substiti..ting }
r 

fvr � in (:\-ll 

and (A-9) will yield the difference ( .,_ - ,. ). The factor • is cunstant 
;,,) :.>r -r 

with distance and is the relative value of the nurmalii.ed surface 

impedani;e. Thia f&ci.or is computed using the values for • and ,: 
r 

iur 

the first section of a mixed path. The {ach>r • vari,·s with distanct• in 

a mixed pa.th problem. The variation u{ ,. with x may b,· cuntinm,us ,,r 

contain abrupt changes. The {actor ( \. •, 
r

) i:; :u•ro iur a :-ini,:ll· :-,·ctiun 

path. The remaining {actors in ( l) ar� defint.'d as 
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I 
w(x, �) = [y(x) • y(�] + � Z(x - � Z � 

W (X, � ) = 1 - i /ffP w ( - ./11" ) ,

u = p {l _ y(X) - Y.iU 
}
. ,6(x - �) 

w(- ./u) -u
= e erk (i /V)

-t• 

ya (X} 
Zx 

= -
hT J

• e dt 
;u-+ t (Abramowitz and Ste gun, 1964)

--

u £-U.:....!. vertical polarizationA -- {�
,,

• 1 I

;;;:-i , horizontal polao.rization

,, = E: 
-

r
i 18(103) q
f(MHz) 

f = frequency, in MHz

0 = ground conductivity

t = dielectric con1tantr 

g(x, y) = antenna pattern factor.

Equation ( l} 1ive1 the intearal equation {<Jr the attenuation function

normaliaed to� ice the free-apace field. The detaib of the

numerical 1oludoa of (l) are ah en in appendix B. S1nce the upper
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limit of integration in ( 1) is x, the effects of backscatter are excluded. 

That is, to inc1 u.:ie the effects of backscatter, the range of integration 

would have to include the entire terrain. Also, t.he integral equation 

in (1) neglects the effects of side-scatter since the derivation of (1) 

assumPd ridges uniform in the direction transverse to the propagation 

dire<. tion. In t:1e case of small slopes and the transmitting antenna 

near the ea:::t!-:, side-scatter and backscatter are second order effects. 

3. EXAMPLES

In this section we examine the behavior of the attenuatio:"l function, 

f(x), for eight terrain profiles, y(x). Comparisons o{ results from ( 1) 

with pre·1iou:; results for a flat earth, a smooth homogeneous cylindrical 

earth, a smooth sea-land-sea path and a single Gaussian-shaped ridge 

seem to validate the technique. Its more general applicability is illus­

trated by calculations for propagation over two Gaussian hills, over an 

isl;:i.r,d that rises above sea level, and over a sea-sloping beach with a 

sana-dune pa�h. 

3. I A Flat Earth

y(x) = 0, y' (x) = 0. The solution of the :.ntegral equation (1) is 

trivial and 1s simply 

f(x) = W(x), (2) 

where W(x) is the Sommerfeld flat-earth attenuation function (Wait, 

1964 ). 

3. 2 I� Parabodoidal Earth

y(x) � -x2 /2a, y'(x) = -x/a, where a is the radius of the 

cylinder and is taken to be about 6. 37 x 108 kilometers. The frequency 

of the transmitting antenna is l MHz and is vertical:y polarized. The 

ground constants a.re: 0 = o. 01 mho/m and 8 = 10. The magnitude 
r 

and phase of the attenuation �unction versus horizontal distance, x are 

given in table I. These results are compared in table I with those 

-6-



obtained using the residue series (Via.it, 1964) for the attenuation function. 

The agreement is seen to be very good out to the largest distance com­

puted. F, r example, at 300 km, the difference in the phase between the 

integral equation method and the residue series method is about O. 009 

rad. or about 0. 5° . The greatest error in amplitude occurs at a. distance 

of 150 km and is about 2 units in the third significant figure. The error 

decreases on either side of this point, a characteristic common to many 

numerical solutions. The ra3ults obtained in table I are for a step size, 

h = 1 km; hovrever, a step size of 2 km did not change the results 

appreciably. A detailed error analysis is beyond the scope of this paper. 

The last signific.mt figure of agr�ement in table I is underlined. 

Horizontal 
Distance, X

(km.) 

0 

25 

50 

75 

100 

125 

150 

175 

200 

225 

250 

275 

300 

Table I. Attenuation function versus distance 

Intesral Equation Solution Residue Series Solution 

Phase Phase 
Amplitude (rad.) Amplitude (rad.) 

1.0 0 l.0 0 

0.51331 :.1. 9117 0.51332 -1.9709

o. 28,236 -Z.5929 0.28970 -2.5921

0.17575 -2.9597 0.17593 -2.95S6

o. 11506 3.0,202 0.11520 3.0892

0,08044 2.9126 0.08000 2.9131

0. 05.2_14 2. 7606 0.05939 2.7663

0.04504 2. 6169 0.04502 2. 6120

0.03512 2.4736 0.03509 2.4680 

o. 027.§_l 2.3278 0.02777 2.3213 

0.02224 2. lJ.80 0.02221 2.1710 

0.01790 2.0249 0.01788 2. 1168

0.01447 1. 8681 o. 014•16 1. 8591
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The time :t·equired to compute th� attenuation function at inter­

vals of one kilometer out to a. maximum distance of 300 kin was about 

ZS min using a CDC 3800 computer. The time required to compute the 

attenuation function for a specified profile is approximately proportional 

to the square of the number of points used along the abscissa. Thus, m

the above example, if the maximum distance were 150 km rather than 

300 km, the time required would be about l / 4 as much, or about 6 min. 

The sample input and output data given in appendix C pertain to this 

Rample. 

3. 3 A Gaussian-Shaped Ridge

-(x-5)2 , y = e , y = -Z(x-S)y. This is a more interesting profile

at least fro:n the standpoint of radio propagation. The profile together 

with the magnitude of the attenuation function versus distance are shown 

plotted in figure 3. The magnitude of the attenuation function \ f(x)\ , 

is normalized to twice the free space field, 2 exp( -ikr 0) / r O• The ob­

server is located on the terrain and the transmitter is located at the 

coordinate origin. The ground constants are a = O. 01 mho/ m and 

€ = 10. The transmitter is vertically polarized and 1he frequency is 
r 

1 MHz. The terrain profile shown in the insert has a maximum height 

of 1 km and the hill is centered at a point 5 km from the transmitter. 

The solid straight line in figure 3 is the attenuation function, W(x), 

for a flat earth. 

1'he data in figure 3 represented by crosses was obtained by 

replacing the Gaussian-shaped ridge with a rounded knife-edge 

and computing the field on the surface shown dashed in figure 4 

using 11 4-ray theory" (Schelleng, et. al., 1933). The radius of the 

ro·.inded knife-edge is 500 m (which is the curvature of the Gaussian 

-8-
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hill at its crest) and the knife-edge is located l km above the plane 

y = O. The four rays are the two rays that strike the knife-edge on the 

illuminated side plus the two rays that reach an observer in the shaded 

side i.e., a direct diffracted ray and a ray which is diffracted and then 

reflected before reaching the observer. The results in figure 3 show 

excellent agreement between the points co:.nputed using "4-ray theory" 

and those obtained solving the integral equation numerically. 

The open circles in figure 3 were computed using the Hufford 

integral equation (Hufford, 1952). Since there arc fewer approximations 

in the Hufford integral equation than in the reeultti presented in th:b 

paper, the former should be considered the most accurate. Hufford' s 

integral equation shows a slight dip in tbe attenuation £unction at a 

distance of ahout 9 km which is exaggerated by the solid circles but 

does not appear in the knife-edge results. Also, the open circles dif­

fer somewhat in the shadow fr•.Jm the rasults presented earlier by 

Berry (1967). There were projectio:i factors, of the form J 1 + (y' 'f 

omitted from Ber"l:'y 1 s results since in most applications these factors 

are nearly unity, i.e., y' is small. However, in the present example 

the13e factors become important. 

The solid circles in figure 3 present the atten-.iation function 

computed nu'llerically using the integral equatio .. 1 in (1). We find some 

error in the results obtained using the integral equation presented in 

tl..is paper aro'Jlld 6 km and 9 km. However, the erro!" iJ small and is 

eXd.ggerated in this particular example because of the large slopes 

encountered on the terrain p?-ofile. The error is a result of the 

as sumpti(J'j that 

or that the fast phase variation of C? with x is in the term exp(-ikx). 

In most terrain profiles, this will indeed be a good approximation and, 

in fact, in the present example yields adequate accuracy. 
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The physical characteristics 0£ the results in ligure 3 are inter­

preted most easily using the ray picture. The attenuation functio:.'l 

decreases at the flat earth rate for the first 2.! km. Then, as the 

observation point moves up the crest of the bill, the attenuati011 function 

increases due to focusing of the direct ray and the 1uriace ray on the 

lit side o! the crest. The attenuation function reaches it1 maximum 

value very close to the point on the terrain where there i1 an inflection 

point. This increase in the amplitude ta a maximum on the lit side near 

the crest has also been predicted analytically by Wait and Murphy 

(1958). Just over the top o! the bill the attenuation function decreases 

since l"ie direct ray is no longer present and then the attenuation func -

tion partially rt:covers agam due to the constructive interference of a 

direct diffracted ray and a diffracted ray traveling along the surface 

before reaching the observer. 

3. 4 A Sea--Land-Sea Path

The terrain profile is flat in this example and the ground con­

stanta change abruptly at the sea-land, land sea interfacea. This 

example was selected as a check on the mixed path capabilities of the 

method. The resulta for the magnitude of the attenuation function 

normalized to twice the free space field are plotted in figur8 S versu1 

distance fro-:n the antenna in km. The antenna is vertically polarized 

and the frequency is 10 MHz. The solid circles represent the attenua­

tion function computed n111nerically using (1). The open circl-,a in 

figure 5 reprasent the attenuation fW1ction computed by Rosich (1968, 

1970) using a porturbti.tion approach. The data 1iveD by the crosses in 

figure S represents the attenuation function co:nputed using a method 

baaed upon the claasical residue series (Furutsu, et. al., 1964). Thia 

method ia equivalent to th&.t of Wait (1964). This latter method makes 

the fewest approximatiooa for the three aection earth cansidered in 

-12-
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this example. The agreement between the solid circles repreeenting (1) 

and the crosses, appears to demonstrate the -validity of the formulation 

in treating mixed path propagation problems. The abrupt change1 in 

conductivity aJ:&d dielectric constant used in this example do not repre­

sent a realistic sea-land interface. The method is, however, capable of 

treating a continuo".ls variation of conductivity and dielectric conetant. 

3. 5 A Sea-Land-Sea Path With An Island

This example combines terrain features and mixed-path effects. 

The island is drawn to scale in figure 6 and its elevation ii 250 m at the 

higllest point. The magnitude o! the attenuatio::i function normalized to 

twice the free space field versus distance is plotted in figuN 6. The 

antenna is vertically polarized and the frequency is 10 MHz. For com -

parisan, the magnitude of the attenuation function for a flat island is 

also shown in figure 6. The most significant feature of figure 6 is that 

the terrain p:ofile has a greater effect on the atten,.iation function an the 

island than do changes in the ground constant., and the residual effect 

of the profile well beyond the island is comparable to that of the change 

in ground constants. 

3. 6 A Sloping Beach At High And Low Tides

The profile is drawn to scale in figure 7 and the aaaumed ground 

constants u �ed for the wet and dry sand are giv-.:n in the figure. The 

transmitter is out at sea. As tho tide riaes, the wet sand in figure 7 is 

covered by water and as the tide recedes it exposes tbu wet sand. The 

magnitude of the attenuation !uncticn vereua distance is shown p!otted in 

figure 7. There ie little difference in tho attenuation fun::ti0:1 at high 

and low tide. However, the preeence o! the crdst in th, bil&ch produces 

a peak in the attenuation functiOh on the lit side a.-id a sbado·N in back. 

This illustrates the importance o! the terrain profile in mixed path 

pro')lems. 

I 
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3. 7 Two Gaussian Hills

The profile i■ drawn to scale in figure 8. The separation of the 

hills i■ such that a null instead of a peak in the attenuation function ia 

produced on the lit aide of the 1econd hill. Obviously there are an infinite 

number of combinations of hill■ that will in turn p:-oduce an infinite 

number of possible combinations of nulls and peaks in the attenuation 

function. The method will, in ptinciple, treat any number of hills and 

valleys. The bilk need not have Gaussian profiles: any smooth func-

tion o! distance ia acceptable. 

3. 8 A Gaussian Hill (transmitting frequency o! 10 MHz)

The profile as well as the magnitude of the attenuation function

versus distance is shown in figure 9. The results in figure 9 differ 

somewhat from those p.blished earlier by Berry (1967). Near the 

crest of the hill small oacillati0118 in the attenuation occur which were 

not present when the transmitting frequency waa : MHz. One possible 

explanation for these wiggles is nu-nerical instability. However, thi.a 

explanAtiOJ1 was discarded when finer w.bdiviaions o! the inteiration 

interval failed to remove the oacill&tion1. At present, they can only be 

explained in term■ o! an interference effect between a grOUDd-reflected 

wave 1.nd the ground wave the former boina stronger at 10 MHz than 

at 1 MH�. This a.se Hpr,oaenta a quasi upper limit in the capability o! 

the comput..,r program in terms of fr.quenr.y and slopes. That ia, 

higher frequt\ncie1 can ha treated but the terrain �ot change •• !aat 

as it dt>Os in figure 9. Conversely, more rapid changes in terrain can 

be !Mated provided the frequency is le•11 than it ia in figure 9. S1nce 

the slopes in fi&u,re 9 are near unity, we have a he.1riatic '1."lcertainty 

principle for OW' computer proaram 

y' f � 10 (MHz) . 
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4. RECOMMENDATIONS AND CONCLUSIONS

The numerical evaluation of an integral equation for the propaga­

tion of radio waves over irregular, inhomogeneous terrain is demon­

strated for several examples. Some of the examples provide a realistic 

picture of the attenuation of a radio wave 'When it encounters a terrain 

anomaly, such as a large conducting ridge. The Gaussian-Hill example 

at 1 MHz yields physicill insight into a focusing phenomenon of the field 

just before the crest of a hill that cannot be predicted on the basis of 

simple diffraction theory, but is in fact predicted by the nu-merical 

solution of the integral equation. However, ray theory in a concave 

region with multiple reflections may work. 

It appears that the results discussed in this report represent a 

useful tool for analyzing the attenuation loss of a radio wave as it en­

counters terrain anoinalies such as hills, valleys, land-sea interfaces, 

etc. The co:nputer program for this analysis is listed in appendix C. 

However, there are improvements that should be studied. They �:re 

listed below in an order not necessarily representing their relative 

impo:ri:ance. 

1) A three-dimensional model of the terrain. It should be

determined if the energy follows a geodesic and if the

effects of transverse curvature are important or not. 

Z) Since the S'-'lution represented by the integral equations

does in fact represent a solution of the wave equa·:ion

plus boundary conditions, it applies to VHF frequencies

as well as HF frequencies. Consequently, numerical

techniques should be studied so that the prograi-n will

handle VHF frequencies efficiently.

-20-



3) Real antennas rather than an idealized point source with

an arbitrary pattern factor should be investigated;

especially when a large dif:racting obstacle is within

the first Fresnel zone of the antenna.

5. ACKNOWLEDGMENTS

I thank Mr. Alvin Van Every at the Advanced Research 

Projects Agency for sp�nsoring this research. I also wish to thank 

Mrs. J. Stephenso11 for her assistance in th,3 development of the 

computer program. 

-2.1-



6. REFERENCES

Abramowitz, M., and Ste gun, I. A., (1964), Handbook of Mathematical 

Functions, NBS, Applied Mathematics Series 55, p. 297. 

Berry, L. A. (1967), 11Radio propagation over a gaussian-shaped 

ridge, 11 IEEE Trans. Ant. and Pro?., AP-15, No. 5, pp. 701-

702. 

Furutsu, K., Wilkerson, R. E., and Hartmann, R. F., (1964), 

"Some numerical results based on the theory of radio wave 

propagation over inhomogeneous earth, 11 Radio S<:_ienc� 

J. Res., NBS 68�, No. 7.

Hufford, G. A. (19 52), 11An integral equation approach to the problem 

of wave propagation over an h".'egular terrain, 11 quart. Apel. 

Math. , 2, PP• 391-404. 

Ott, R. H. (1971), "An alternative integral equation for propagation 

over irregular terrain, Part II, 11 to be published Radio 

Science, May. 

Rosich, R. K. (1968) , High-frequency ground-wave attenuation. ovt.::r 

inhomogeneous paths (unpublished)� ESSA Tech. Memo 

ERLTM-ITS 137. 

Rosich, R. K. (1970), Attenuation of high-frequency ground-waves 

over an inhomogeneous earth, U. S. Dept. Commerce, Office 

of Telecommunications, Telecommunications Research Report 

(to be published). 

Schelleng, J. C., Burrows, C. R., and Ferrell, E. B. (1933), "Ultra­

short wave propagation," Proc. IRE, �. No. 3, p;. 427-463. 

,:, This document is in the public clomain, but it is considered 

unpublished since it was not printed for wide public distribution. 

This document is now out of print. 

-22-



i 
! 

Wait, J. R. (1964), Electromagnetic surface waves, Advancer. in 

radio research, Ed. J. A. Saxton, !., 157-217 (Academic Press,

London and New York). 

Wait, J. R., and Murphy, A. (1958), "Further studies 0£ the influence 

of a ridge on the low-frequency ground wave," J. Res. NBS, . 

.§!E, pp. 57-60.

-l3-



APPENDIX A: Derivation of the integral eq\tation 

Consider a solution, qi, of the wave equation 

(i) 

which satisfies an impedance boundary condition of the form 

(ii) oqi = i kll p
on J l+(y'):a

y = y(x) 

where cp rep:..·esents the vertical component of E for the case of v�rti­

cal polarization or fue vertical component of !! for horiz\Jntal polariza­

tion. The time depend,?nce is exp(iu:t) and the normalized im?,!dance, 

t:., near grazing is 

ll = 

with 

, 

, 

iO T'\ = t: -­r we: 

vertical polarizaticn 

horizwtal polarization 

where .,: is the dielectric constant, o is the condu.:tivity and u; the r 
angular frequency. 

The source distribution io r(x, y). Let 

-ikx� :: e t(x, y) 

f 



and i) becomes 

or, 32 ,Ii o ,Ir ik.,c + -...l. - Z i k � = - Zr. ,. (x, y) e oy2 �x 

As sum mg that the fast variation with x occurs in exp( -i k x) 

or that o2 t / 3,e is small compared with remaining terms we find 

n . ll ikx 
oy8 

- Z 1 k 
�x. 

= • Z TT 'T (x, y) e 

An e lementary function for (A-1) is (Ott and Berry, 1970) 

/ Zik 
../ TT G(x, y; � • 11) = e -ik(T) -y)2 / Z(; -x)

J �-x 

(A-1) 

+ 
ikA e -ikl1Ti

1' 

00 

ikllt 
J exp{ -ik(t-y)2 / 2(g -x) )e dt, x < ! 

= --;.-:..-:_-_--- W(x, s), X < ;. 



The function satisfies 

� a G t ZikiQ_ =
�y 3 ox 

-2 TT 6 (X • �, Y • '1 ) (A-3) 

The constant on the left-hand-side of (A-2) comes from integrating both 

sides of (A-3) over the region R = { x, y: - •< x � •• y(x) <Y <•} . 
Multiplying (A-1) by G, (A-3) by t, and subtracting and inte­

grating over the region R yields 

Il (G �:,: - t � 
3

�) dx dy - 2 ik � (G ! ! + ♦ � ) dx dy

R R 

= -2 � r. e ikx 
1 G � dy + TT ♦ (Pi

� 

(A-4) 

where P is the observation point (�. 11). and r is a region around the

source. The divergence theor�m yields on the surface y(x) 

rr (G �
a

� . t :\ 
3 G ) dx d.r = f (G � t - t ill ) e • e de

1 

or ay2 ' � �y :\ y -n -Y 
R C (A-5) 

where e il the outward directed normal (into the surface) and C is a-n 
contour enclosing R and 

e - --n

-y' e + e -x -y

-Z6-



and along y = y(x) 

Also 

de =J 1 + (y1 )2 dx 

Zik Il (G � +. �) dxdy = Zik J tc (G�) dxdy 
R R 

= Zik ' G. J �•�de

From (ii), and neglecting a,/ox compared with other terms 

(A-6) 

(A-7) 

and substituting (A-5), (A-6), and (A-7) into (A-4), and assumin:; ·;; = 0, 

£or x s 0, which means neglecting backscatter from the r�gio.1 x • .•• 0 , 

and all so:.lrces are in the region x > 0 , 

0 

... ikx 
+ 2 ':t � ; e C dx ciy = -: v (P)

-l1-

0 



or 

r
g 

ao rr ikx J � -i k � • G - i k y' • G + t 
� 

) dx + Zn 1 1' G e dx dy = n t (P)

o � (A-8) 

Substituting (Ott and Berry, 1970) 

in (A-8) gives 

+ z TT rr r ('" e ilcx c:.. � dy = n .. (P) . 

}.; 

Reintroducing _ and defining G = G e -i.k(I! -x) yields

(A-10) 



We ,.ssume that the antenna has a phase center where the source 

diatribution, T(x, y), is located. Then we write 

(A-11) 

where (x + � / Zx) is the first two terms in the binomial expansion for 

the distance between the source point O and the ob:Jer'-Jation point at P. 

The function g(P) representtl the antenna ga:n or pattern facto... We 

also introduce an attenuation function f(P) defined as 

(A-12) 

When these two equations are substituted into (A-10), we fin:i (inter -

changing (I!, T\) with (x, y)) 

f(x) = g(x, y) W(x, o) 

0 

(A-13) 

where 

� :: y{�) 

which �iffers ahghlly from lht" resu!l �n Ott .\nd Bt."rry (1970); �t"t- !or

example Ott (l '17 l}. 
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W (x, s} = 1 -'i Jnp 
-u

1 

erfc (i uz)

Refet"ences 

(A-14) 

(A-1) Ott, R. H. ano Derry, L. A. (1970), nAn alternative integral 

equation for propagat ... on over irregular terrain," Radio 

Sciencr., 5, No. 5, pp. 767-771. 

(A-2\ Ott, R. H. (1971), "An alternative integral equation for 

propagation over irregular terrain, Part II," to be published 

Radio Science, May. 
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APPENDIX B: Numerical Analyeis 

The int�gral equation (1) or equivalently (A-13) is oft.he form of 

a linear Volterra integral equation of the second kind, i.e., 

f(x) :: g(x} - c j f(s} K(x, s) ds (B-1) 

where f(x) is the unknown attenuation function whose valu� iq to be 

determined in the interval O s: s s: x . The function g(x) and K (x, s) 

are known, and c is a constant. If g(x) is bounded and continuous 

and if 

X

J \ K(x, s) \ ds s: L < o:, (.B 02) 

0 

then the solution will be unique and continuous (Wagner, 1953). This integral 

e'luation can be solved by a stepwise calculation that divides the interval 

x into subintervals of arbitrary width. 

That is, consider the subdivision 

f(xn) = W(xn) - (i/11.) ½ { � Xi f.(s) K(xn, s) ds

0 

Xe n 
+ J f(s) K (xn' s) ds + • • • + j f(s)K (xn, s)ds} 

n-1
(B-3) 

The unknown function, f(s), is fitted with a pvlyno::nial of the form 

{B-4) 

-31-



Iner.easing the degrae of the polynomial to 3 or higher would 

result in even higher accut"acf: however, the algebra becomes more 

complicated and sufficient accuracy can be obtained with the polyncmial 

of degree 2. In some examples, the solution may become unstable for 

the higher degree p.:>lynomial and oscillate between the fitted points. 

The solution of the integral equation req11ires special starting 

procedures. We suggest that the interpolating p(>lynornial be of the form 

l 3/ 2
f(s) = a.0 + a.1 s 2 + C¼ s + a.3 s (B-5} 

and to use (B-4) for -Xe s s::;; x . The choice in (B-5} is a logical one ifn 
we assume the terrain is flat in the immediate vicinity of the transmit-

ting a..,tenna. If the terrain is flat th,e exact answer for th•� attenuation 

fwiction is then in fact a half-ord•�r power series in the numerical dis­

tance. Requiring the polynomial in {B-5} to pas3 thro11gh the first four 

consec11tive points yields 

O.o = 1. 0 (B-6a) 

0.1 = R1 f {Xi ) + I¼ f ("c ) + � f(� ) + � (B-6b) 

0.2 = Rs £(xi) + Rs f (Xe ) + � f(� ) + Re (B-6c) 

0.3 = Rg f(x1) + Riof(Xe) + R11 f(�) + R12 {B-6d) 

The constants in (B-4) are found by requiring the polyno:nial to pass 

throu6h t.he points x. ., , x. 1 and x. . It is a simple exercise to show1-.:. 1- 1 
that 

� = R19 f(x.) + Re O f(x. 1) + I¼ 1 f(x. 2)
l l• 1-

-32-
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where the R I s in (B - 6) and (B - 7) are defined as 

l 1 1 1 1 1 1 

D = (x1 :>!ia Xe) a[ xi (:,r/-x/) + Xe (xi2-Xs 2) + 
Xe (Xs2-xi2 )]

l 1

Ri = Xo Xe (Xe 2 -x,}) / D
1 1 

Re = X°3. Xe (x/-:x;/) / D 
l 1 

Ra = X1 Xe (Xe 2 -x/) / D

'D -[ (· 3/2 3/2) + ( 3/2 3/2) + ( 3/2 3/2)-\ / D"''4. - Xi � -� 'Y.g Xi •Xe Xe 'Y.e -X1 j 

� = (� 'Y.o ) a (:>re -:>ro ) / D 

Rs = (x1 J's ) 2 (:>ro •X1 ) / D

� = (x1 'Y.s ) 2 (x1 -"Y.t,; ) / D 

'D _ ( ½ ( 3/2 3/2) + ½( 3/2 3/2) + ½( 3/2 3/2)] / D"''8 - X1 'Y.g -Xe Jls 'Y.o •:l:1 J's X1 -Jig 
1 1 1 

Rg = (Xe J's ) 2 (xr/ -:,r,}) / D
1 1 l 

R,.0 = (x1 �) 2 {x/-x/) / D
1 1 1 

R11 = (x1 Xia ) 2 (x/-x/) / D
1 1 l 

R1 :a = [ xi2(Xs -Xs) + xs2(x1 -Xs) + Xs2(Xe -xJ )] / D 

D.=(x .... - x. 1>[i:-x.{x. 2
+x. 1)..:·x. 2x. 11

1 1-r.. 1- 1 1 1- 1- 1- l- J

R1 s = x. 1 x. 2 (x. 2 - x. 1) / D. 1- 1• l• l• l

R14 = x. x. 2 (x. - x. ,.,)/D.
l l• l l•.C. l

R1 s = x. x. 1 (x. 1 - x.)/D.
l 1- 1- l l

R1 e = (:x'i: - i: l) / D · 
1 1- 1 

R19 = (x. 2 - x. 1)/D.
1- 1- 1 
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(B-8a) 

(B-Sbj 

(B-8c) 

(B-Sd) 

(B-8<�) 

(B-8£) 

(B-8g) 

(B-8h) 

(B-8i) 

(B-8j) 

(B-8k) 

(B-Sf,) 

(B-8m) 

(B-8n) 

(B-80) 

(B-8p) 

(B-8q) 

(B .. ss) 

(B-8t) 

(B-8u) 



ll 

&.ao = (x. -x. 2)/D.
1 1- 1 

&.!1 = (x. 1 -x.)/D.
1- 1 1 

(B-Sv) 

(B-Sw) 

Using our polynomial interpolation formulas for f(s) we f:ind 

that the integrals in (B-3) all have the following generic form 

with 

x. 
p

l 
(xi ' xj' "Jc) = J

0:<;;k�j-1 

1 � j � i 

l = O, 1, 2, 3, 4.

l/2 s K(x. , s) ds 
1 

(B-9� 

(B-10) 

These integrals are evaluated numerically using a five point Gaussian 

integration formula with special attention given to those integrals having 

singularities at either of the endpo:nts of integration. 

Substituting (B-4) through (B-10) into (B-3) yields the following 

general expression for f{x) at the ith point

1 

f(i) { 1 + {i/A) z[ R1 3 (i)p
0

(i, i, i-l)+R16 {i)P.a (i, i, i-l)+R19 {i)I\ (i, i, i-1) ]}

1 3 3 3 
= W(i)-(i/A) z { lPo (i,j,j-l)+R.i, I Pl (i,j,j-l)+Re I P.? {i,j,j-1)

j= l j=l j=l 

3 3 3 
+R12 l,R- {i,j,j-1)+£( 1)[ R1 IPl {i,j,j�l) + �l. P.a {i,j,j-1)

j=l j=l j=l 

-34-

r 



3 3 3 
+Rg LPJ (i,j,j-1)]+£<2{ &.a LPJ. (i,jd-l)+Re I Pa (i,j,j-1)

j=l j=l j�l 

3 
+R,_0 L, PJ (i, j, j-1) R15 (4)Po (i, 4, 3)+R1a (4):ai (i, 4, 3)+Re 1 {4)� (i, 4, 3)]

j=l 

3 3 3 
+£(3{ Rs LPi (i,j,j-1)+� LPa (i,j,j-1) + Ru LPJ {i,j,j-1) 

j=l j= l j=l 

+R14 (4)Po (i, 4, 3)+R17 (4)Pa (i, 4, 3)+Rg 0 (4)Pi, (i, 4, 3)+R15 (5)1':, (i, 5, 4)

i-2 

+ R18 (S}Pa (i, S, 4)+Re 1 (S)a, (i, 5, 4) J + l, flm) [ R13 (m)Po (i, m, m -1)
m=4 

+R14 (m+l)A:, (i, m+l,m) + R15 (m+2)Po (i, .. 1+Z, m+l)

+R16 (.ln)P.a (i, m, m-l)+R17 (m+l)Pa (i, m+l, m) +R18 (m+Z)Pa (i, m+Z, m+l)

-35-



+ R19 (m)Pa, (i, m, m-l)+Rg 0 (m+l)Pa, (i, m+l, m)+R,n (m+Z)� (i, m+Z, m+l)] 

+f(i-1)[ R13 (i-1}Po(i, i-1 i•2) + R14 (i)R, (i, i, i-l)+R18 (i-l)P.a (i, i-1, i-2)

(B-11) 

Reference 

(B-1) Wagner, Carl (1953), "On the numerical solution of Volterra 

integral equations," J. Math. and Phys. 32, pp. 289-401. 

-36-



APPENDIX C: The Computer Program and Flow Chart 

Program Wagner implementa the procedure given in Appendix B 

for solving the integral equation derived in Appendix A. Flexibility is 

obtained by using appropriate veraions of three subroutines: 

(1) TERRANE, which returns the height, slope, and ground con­

stants (a, e ) as a function of distance, x. By writing appropriate 
r 

statements in this subroutine the user can define any propagatio!l path he 

needs. The general form of the aubroutine TERRANE is sho·ND on page 49, 

and two particular implementations used for examples in this report are 

listed on pages 50 and 51 

(2) DISTX, which returns the set of distances x(I) at which the

function F(x) will be calculated. The general form of DISTX is ab.own 

on p,-i.ge 45, and two particular implementations are shown on pages 46 

and 47. 

(3) KERNL, which computes the kernel of the integral equation.

Program Wagner can be used to solve o�er integral equations of the 
_1 

form (B-1) if the kernel includes the factor [ s(x-s)) 2 by modifying 

sub:011tine KERNL. For example, WAGNER can sol-w Huffo?"d 1 a 

integral equation. 

Comment cards in the listing• that follow explain the 9rogram's 

operation. The inp11t ca.rd sequence for Program WAGNER is 

-37-



I 

Card Cole. De1crlption 

l 1-10 The number of Gau11tan quadrature abciH&1 
and wei1bt1 ( 5 recommended) 

2 t:hrou1h 4 3.33 ll 36-66 Valuee for the Gau11ian wetabu and abci11a1. 

5 lht'o-..igh N+4 1-10 The N pomt1 at whi'!h the attenuation func-
tion i1 to be calculated. Theee di1Clll&ce1 
are read in ldlomot:er•, by DlSTX. 

N+5 A bl&nlt card which 1ipa11 the end of the 
di1tance deck when the form of DJSTX i1 
that 1iven on pa1e 47, When DlSTX take• 
the form 1iven on pa1e 46, no blank card 
it required. 

N+6 1-10 Sout'ce heipt in kilo:neter1. 

11-2\l Frequency in Mepherts. 

21-30 Polariaaticm, l. = vertical, 2. = horizontal. 

F0Uowin1 i1 a flow chart toaether with a 1t:atement li•t:bia 

(Fortran 3800) of the computer proaram, a.a.d a •ample output. 
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C 
C 
C 

C 
(. 

C 
C 
C 
C 

C 

PROGRAM WAGNER 

C 

C 

C 

C 

C 

A PR.OGRAM TO COMPUTE HF GROUND WAVE ATTENUATION 

IR.REGUU..R� INHOMOGENEOUS TERRAIN. REFERENCE: 

TELECOMMUNICAnONS RESEARCH REPORT, No. 7 • 1970. 

DIMENSION tPOLC2) 
Cc»M>H IOI Fl2000)tR13C2000l•Rl4l2000l•KlSC2000itRl6l2000t, 

l �11,2000>,R1ac2000>,Rl9(2000),R20(2000),R21(20001
COMMON /1/ HA
COMMON /2/ O,H,HP
COMMON /3/ OELTAR,WAVE
Cc»ltON /4/ FREO,POL 
COMMOM /S/ �G•A8C48l,GH<481 
COMMON /6/ N,x,2001,.r 
TYPE DOUBLE OAB,OGH 
COMPLEX FfWH,F,ALAMZ,SUM,DELTAR,ETAR 
COMPLEX KERNL,Po,Pl,P2,P3,P41CTMP 
IPOl.llJ•8H VERTlC S lPOLC2>•8HHORIZONT 

READ GAUSSIAN OUAORAiURE ABCISSAS AHO WEIGHT� 

REAO 1000, NG 
1000 FORMATCJlO) 

NR• C NG+ 11/2 
00 1 L•ltNR 
REAO 1010• OAB,DGH 

1010 FORMAtc20,,.2s, 
J•NG-L+l 
A8fll•OA8 
A81J>•-A8tU 
GHIU•OGH 

l GHCJ) •GH« L)

CALL SUBROVT!NE Tl) SET UP MSH .. ,cE ARRAY .li: IN METERS 
START VllH X,21. XCll•O• HAS ALREADY BEEN SET. 
THE DISTANCES 00 NOT HAVE TO BE E�vA�LY SPACED• 
SUBROUTla.E ttSTX SHOULD MAKE SUREN< 2000 

lltl)•O• 

Ft 1 )•t letO• > 
CALL OISTl 

C MAKE $URE TNtKt ARE AT LEAST 4 DISTANCES 

C 

IF IN.G£.4) GO TO 4 
PRIMT 1040 

1040 FCMl�AT C•OHUMeER OF' OISfANCES 0 ••1

CAll EXIT 

4 SORTX2•SORTCXt2JJ 
SORTl3•SOATClC3)J 
SQRlX4•SQRTCXl4Jl 
Dl•��l(XIZ)•x131•1,.,,.,x,21•1��Tl4-��TX3J ♦X(Jl•l�Uf.tl�2-�QRTX4) 

l +l14J•t$0RTX3-SORTX2JI
Rl•lC)t•xc••••sORTX4-�QRTXJ)/0l
R2•lC2J ♦X(1tl•<SORTX2-$0RTl4tl/Ol
Rl•lfl>•lt31•tSORTXJ-SOR.TX21/0l
R4•CXl21•t$1Jt(lX1a••3-$1'RTX)••31+xl31•1$�Tx2••)-�wRTX1a••31

l +ll41•1$QRTX3••3-�0RTX2••3ll/Ol

-41• 



' 

C 

C 

C 

C 

C 

C 

C 

R5=SQRTIX13l*X14l l*IXl31-Xl41 l/Dl 
R�=SQRTIX(2l*Xl4l l*IX(41-Xl2ll/Dl
R7=SQRT(X(2l*Xl3l J*(X(2)-X(31 l/Dl 
R8=1SQRTX2*1SUKTX3**3-SQRTX4**31+SURTX3*(SQRTX4**3-SURTX2**31 

l +SQRTX4*(SORTX2**3-SQR1A3**31)/0l

R9=S'o1RTIXl3l*X14l )*ISURTX4-.::iQRTX31/D1
RlO=SQRT(Xl21•Xl4Jl*ISQRTX2-�QRTX4J/01

Rll=SQRT(X<2l�X(3ll*ISQRTX3-SQRTX21/Dl
R12�<SURTX2* 1X141-Xl311+SURTX3*1X(2)-X14ll+SQRTX4*1Xl31-Xl2111/0l

DO lG M=5tN

Ml="4-1
M2-=M-2
D2=1X(M2J-XIMlll*(X(Ml**2-X(Ml*IXIMll+X<M2ll+XIMll*X(M2ll

Rl3<Ml=X•Mll*X(M2)*(XIMZl-XiMlll/D2
Rl4<M>�XIMl*XIM2l*IXIM1-XIM211/D2
Rl51M)=XIMl*X<�ll*IX(Mll-X(Mll/D2
Rl61Mi=IXIM11**2-XIM21**2l/D2
Rl7(Ml=(X(M2l**2-XIMl**21/D2
Rl81M)=(Xl�;�*2-X<Mll**2l/D2

Rl9(M)=(XtM21-XIMlJ//D2
R20<Ml=IX(Ml-X(M2)1/D2

10 R2l(Ml=IX(Mll-XIMJl/D2 

COL 

1-10 

11-20 

21-30 

READ SOURCE HEIGHT, FREQUENCY, AND POLARIZATION 
DESCRIPTION 

SOURCE HEIGHT, KM 
FREQUENCY, MHZ 
POLAMIZATION, le = VERTICAL, z� = HORIZONTtL 

20 PEAD 2000, HA,FREQ,POL 
2000 FOR�AT 13Fl0�41 

IF IEOF,6� �1,22 
22 HA=HA*leE3 

KPOL=POL 
ALAM=2•997�25E2/FREQ 
WAVE=6eL831853Q7/ALAM 
ALAMZ = l(Q.7071Q67812,o.7o71Q67812!/5QRTF(ALAMI) 

CALL ;:EADING 
PRINT 2500, FREO,JPOL(KPOLI.HA 

2500 FORMAT l*OFREQUE,',j(Y ::*,F10.2,1ox,Aa,*AL POLARIZATION*,l0X,*,�NTENNA 
l HEIGHT =*,F6e2,* METERS*//

C 

C 

C 

2 9X,*X*,14X,*Z*,lOX,*C0NDUCTIVITY*,3X,*DIELECTRIC*,15X,*FIXl*,22X,
3 *TIMING*/8X,*IMl*,12X,*IMl*Jl2X,*(MH0/Ml*t6X,�CON�TANT*,�X,*MAG*,
4 13Xt*ARG*,16X,*ISECl•I

TO=KLOCKIOI 

LOOP ON DICJANCE 

DO 100 I= l ,N 
CA�L TERRANE IXII),H,HPw(OND,EPS,CONDR,EPSRI 
IF <I.EOel) GO TO 75 
D=X,l)+(H**2J/12 e *XIJI) 
ETAR � CMPLX<EPSR,-17975.*CONDR/FREO) 

DELTAR = CSQRTIETAR - 1.1 

-42-



C 

C 

C 

C 

C 

C 

C 

IFiKPOL.EQ.l) DELTAR • OELTAR/ETAR 
F(l)•FEWH(H,XCI>> 
IF CI.LE.6> GO TO 75 

J = 2 THROUGH 1,. 

SUM•( O• ,o.) 
DO 40 J=2,4 
Po=Pl•P2=P3=(o.,o., 
K=J-1 
XP2•0•5*(X(J)+X(K)) 
XM2zO e5*(X(J)-X(K)) 
DO 35 M=l,NG 

XO=XP2+AB(M)*XM2 

CTMP=KERNL(XO)*GH(M) 
Pl=Pl+(TMP*SQRTCXO> 
P2=P2+CTMP*XO 

P3=P3+CTMP*S0RT(X0>**3 
IF (K.NE.1> GO TO 33 
XO=Oe25*XCJ)*(l.+AB(M))*«2 

Po=PO+SQRTCXO)*KERNLCXO)*GH(M) 

GO TO 35 

33 Po=PO+CTMP 

35 CONTINUE 
Pl=Pl*XM2 
P2=P2*XM2 
P3=P3*XM2 
IF (K.NE.1> GO TO 38 
PQ=PO*SQRTCX(J)) 
GO TO 40 

38 PQ=PO*XM2 
40 SUM=SUM+PO+R4*Pl+R8*P2+Rl2*P3 +F(2)*(Rl*Pl+R5*P2+R9*P3> 

1 +Fl3)*(K2*Pl+R6*P2+Rl0*P3>+F(4)*1R3*Pl+R7*P2+Rll*P3)

J = 5 THROUGH I-1 

ll=I-1 
DO 50 J=5,Il 

Po=P2=P4=<o.,o., 
XP2=0.5*(X(J)+XCJ-l)) 
XM2�0.5*lX(J)-X(J-l)) 

DC 45 M=l,NG 

XO=XP2+A8(M)*XM2 

CTMP=KERNLCXO)*GHCM) 
PQ=PO+CTMP 

P2=P2+CTMP*XO 
45 P4=P4+CTMP*X0**2 

PQ=PO*XM2 
P2=P2*XM2 
P4=P4*XM2 

50 SUM=SUM+F(J-2)*(Rl5(J)*PO+Rl8(J)*P2+R2l(J)*P4) 
1 +FIJ-l)*(Rl41Jl*PO+Rl71Jl*P�+R20(J)�P4) 

2 +F(J) *(Rl3(J)*PO+Rl6(J)*P2+Rl9(J>*P4) 

.43,. 



C 

C 

C 

C 

J=I 

THETA=ASINF(SQRT(X(Ill/XCI))) 

CTHETA=COSF<THETAl 

Po=P2=P4=Co.,o.i 

DO 55 M=ltNG 

TEMP=l.-0.25*CTHETA**2*<1.+AB(M))**2 

XO=X(I)*TEMP 
CTMP=SQRT(X(I)-XOl*K�RNL(XOl*GH(Ml 

PO=PO+CTMP 
P2=P2+CTMP•TEMP 

55 P4=P4+CTMP*TEMP**2 
PO=PO*CTHETA*SQR7CXCI>> 

P2=P2*CTHETA*SQRT(X(ill**3 

P4=P4*CTHETA*SQRTCX(I))**' 

C EQUATION (B-11) 

C 

F<I>=<F<Il-ALAMZ*<SUM+F<I-2l*<Rl5(I)*PO+Rl8(I)*P2+R2l(Il*P4> 

1 +F(Ill*CR14CI>*PO+Rl7(I)*P2+R20(IJ*P4>))/Cl e +ALAMZ*(Rl3(I)*PO 

2 +Rl6(Il*P2+Rl9(I)*P411 

75 AMP = CABSCF(I)) 

PHA = CANGCFCI)) 

TIME=CKLOCK(O)-T0)*0.001 

PRINT 8000• X<Il•H•CONO,EPS,AMP,PHA,TIME 
8000 FORMAT <*O*•Fl2.2,Fl8.9,Fl4.b t F13.4,El8 e 8 tE16.8,Fl5 e 3l 

100 CONTINUE 

GO TO 20 

999 CALL EXIT 

END 



SUBROUTINE DISTX 
C READ DISTANCES IN KM ANO CONVERTS THEM TO METERS 
C (A DISTANCE OF ZERO SIGNALS ENO OF DISTANCE DECKI 

C 

C 

C 

C 

COMMON /6/ N,X<20011,I 

IN THIS SUBROUTINE THE USER MUST FILL 
THE X(I) ARRAY WITH N VARIABLES. 

RETURN 

END 



SUBROUTINE DISTX 

C COMPUTES EQUALLY SPACED DISTANCES 
COMMON /6/ N,XC200ll,I 

C INPUT 
C DMIN -- FIRST DISTANCE IN KM 
C DMAX -- MAXIMUM DISTANCE IN KM 

C DINC -- INCREMENT ON DISTANCE IN KM 
C 

READ 1000• DMIN,DMAXtDINC 

1000 FORMAT (3Fl0•2> 
IF <DMIN.EQ•O•> DMINaDMIN+OJNC 
N=<DMAX-OMIN)/OINC+2 
DO 10 1•2,N 
X(IJ=(DMIN+<I-2>*0INC>*l•E3 

10 CONTINUE 
RETURN 

END 

Note, this is an example of subroutine DISTX. 
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SUBROUTINE DISTX 
C READ DISTANCES IN KM AND CONVERTS THEM TO METERS 

C (A DISTANCE OF ZERO SIGNALS END OF DISTANCE DECK) 

COMMON /6/ N,Xl200ll,I 

DO 2 I=2,2001 

READ 1020t X( I) 

1020 FORMAT (Fl0•5> 
IF (X(I>.EQ•O•> GO TO 3 
X(I)=X(I)*l•E+3 

2 CONTINUE 

PRINT 1030 

1030 FOR�AT (*ONUMBER OF DISTANCES EXCEFns DIMENSION*) 

CALL EXIT 

3 N=I-1 
END 

J Note, this is an example of subroutine DISTX. 

r 
I 
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,.. 

FUNCTION KERNLCXO> 

C 

C 

C 

C 

C 

SUBROUTINE OF WAGNER. COMPUTES 
KERNEL OF INTEGRAL EQUATION. SEE 
EQ. (A-13). 

COMMON /1/ HA 

COMMON /2/ D,H,HP 
COMMON /3/ DELTAR,WAVE 

COMMON /4/ FREQ,POL 

COMMON /5/ NG,ABC48),GH(48) 

COMMON /6/ NX,X(2001),I 

COMPLEX KERNL,FEWH,OELTA,DELTAR,ETA 
CALL TERRANE(XO,HO,HPo,coNo,EPS,CONDR,EPSR) 

ETA•CMPLX(EPS,-17975.*COND/FREQ) 

DELTA=CSQRT(ETA-lel 
IFIPOL eEQel•> DELTA=DELTA/ETA 
XMS=X(l)-XO 

H02H-HO 
Rl=SQRT(X0**2+HA**2> 
Rw . WAVE*(XO + ((H0**2)/(2.*XOI) + XMS + ((H0**2)/l21*XMS)) - o> 
KERNL=CMPLX(COSFIRW),-SINF(RW))*SQRT(XlI)/(Rl*XMSJ)*(lHPO+DELTA 

l -DELTARl*FEWH(HD,XMS) - IHO/XMSI)

C 

C THE FACTOR (DELTA-DELTAR) ARISES IN
C MIXED-PATH PROBLEMS. 
C 

RETURN 

E:NO 

-�-



,SUBROUTINE TERRANE ( X ,H,HP ,CONO,EPS ,CONOR ,EPSR) 
C SUBROUTINE FOR WAGNER• DEF:n-{ES TERR.An{, PROFILE AND 

GROUND CONST ANTS. 
C 
C Il'IJPUT JS DISTANCE X IN METERS. 
C OUTPUT IS TERRAIN HEIGHT, H, SLOPE, HP, 
C GROUND CONS'PNTS, CONDR, EPSR, COND, EPS. 
C Il'IT MIXED PATH CALCULATIONS, CONOR AND EPSR 
C ARE RELATIVE VALUES FOR a AND er •
C THEY ARE USED TO CO�UTE 
C DELTAR Il'IT PROGRAM WAGNER. 
C IN FUNCTION KERNL THE DIFFERENCE 
C (DELTA-DELTAR) IS 
C COMPUTED. THIS DIFFERENCE TAKES INTO 
C ACCOUNT CHANGES 
C IN cr AND er WITH DISTANCE. 
C CONDR AND EPSR ARE USUALLY 
C TAKEN TO BE THE VALUES OF 
C o AND e FOR THE FIRST
C SECTION bF PATH.
C 

C 
C IN THIS SUBROUTINE THE USER MUST DEFINE THE FOLLOWING 
C VARIABLES 
C H = 
C HP= 

C CONDR = 
C EPSR =

C COND = 
C EPS = 
C 

C PRINT HEADING 
ENTRY HEADING 
PRINT so,A 

50 FORMAT (�A SMCOTH SPHERE WITH RADIUS*•El2•3> 
�ETURN 
ENO 



SUBROUTINE TERRANE (X,HtHP,COND,E,s,coNoR,EPSR) 
C SUBROUTINE FOR WAGNER. DEFINES TERRAIN. 
C SMOOTH SPHERE 

COMMON /1/ HA 

DATA CA•8.5E6) 
C 
C COMPUTE HEIGHT,SLOPE,CONDUCTIVITY AND DIELECTRIC CONSTANT AT X 

HP•-X/A 
H•e5*X*HP- HA 
CONDR • eOl 
EPSR • 10• 
COND = .01 
EPS = 10• 
RETURN 

C 
C PRINT HEADING 

ENTRY HEADING 
PRINT 5o,A 

50 FORMAT C*A SMOOTH SPHERE WITH RADIUS*,El2e3> 

RETURN 
END 

Note, this is an example o! subroutine TERRANE. 

-so-



I 
I 

I 

SUBROUTINE TERRANE (XtHtHPtCONOtEPS,cOHoR,EPSR) 

C SUBROUTINE FOR WAGNER. DEFINES TERRAIN• 
C TABLE MOUNTAIN PATH WITH KBOL AS TRANSMITTER 

COMMON /1/ HA 

C 

C COMPUTE HEIGHT,SLOPE,COHOUCTIVITY ANO OIELECT�IC CONSTANT AT X 

C 

C 
C 

20 

30 

40 

10 

C 

H • 50-•TANHF((X-sooo.>1100.>+50.-HA 

HP•o.s•<1.-<TANHFC(X-sooo.>1100.>>••,> 
CONDR • eOl 

EPSR • 10• 

A FOUR SECTION 

Xl • 28574.0 
x2 • 35000. 

X3 az 45000,0 

PATH 

IF(XeGT.Xl,ANOeXeLE,X2> 

IFlXeGT,X2,ANDeXeLEeX3> 

IF(XeGTeX3> GO TO 40 
COND • eOl 
EPS • 10, 

GO TO 10 
COND • z. 0 
EPS • • 81 
GU TO 10 
COHO • eOl 
EPS • 10• 

GO TO 10 
COND • 2. 0 
EPS • 81. 0 
CONTINUE 

RETURN 

GO TO 20 

GO TO 30 

C PRINT HEADING 

ENTRY HEADING 
PRINT 50 

50 FORMATl*TA�LE M�UTAIN PATH WITH KBOL AS TRANSMITTER•> 

RETURN 

END 

Note, this is an example of subrouti..-,," TERR.A.NE. 



COMPLEX FUNCTION FEWH'-HO,XOI 

C 

C THE A'I'TENUATION FUNCTION, 
C EQ (A-13), OF TELECOMMUNICATIONS RESEARCH 
C REPORT No, 7 , 1970. INPUT IS THE 
C HEIGHT HD AND THE DIST.\NCE 
C XD. 
C 

COMMON /3/ OELTAR,wAVE 
COMPLEX FEWH,TEMP,Q,Z,Z2tlZ,HWERFtWERFZ,WERF,ZWERF,OELTAR 

TEMP•fOe7071067812,-0.707l0678121•SORTC.5•WAVEI 
X02•SQRT(J<DI 
Q•-TEMP•HO/X02 

Z•TEMP•OELTAR•xo2 + Q 
ZZ•-Z 
ZI•AIMAGCZZl 
IF cz1.Lr.o •• 0R.(A8S(REALCZZJ).LT.6 •• AND.ZI.LT.6.)J GO TO lo 

Z2•ZZ••2 
HWERF•CZ2-2.,1czz•1z2-3.5)) 

GO TO 12 
10 �ERFZ•WERFCZZ) 

HWERF•ZZ-o.5•WERFZ/CZZ•WERFZ+IO •• -o.56418958)J 

12 ZWERF•Z+HWERF 

FEwH•CQ•ZWERF-0.5)/IZ•!WERF-o.5> 

RETURN 

END 

-sz-



COMPLEX FUNCTION WERFCZZZ> 

C 

C 
C 

C 
C 
C 

THE FUNCTION w{1.), 

ABRAMOWITZ AND STEGUN, 1964) 
WRITTEN BY DR. GEORGE HUFFORD, AND MODIFIED BY 

DR. R. H. OTT 

COMPLEX z,zzz,zv,v,z2,c,w,s 
DIMENSION CC12J,WCS,4> 

EQUIVALENCE CS,CC12J) 
DATA CC(l) • c.o,-.5641895835)) 

DATA CCCW(I•�>•I•l,5>,J•lt4)=Cl.,aO>, 
X C3.6787944ll714423E-Ol,6•071517058413937E-Ol>, 
X ,t.831563888873418E-O2,3•4OO26217O660662E-OlJ• 
X <l.234Q�8o�odb6788E-04,2.oll573l70376004E-Ol>, 
X (l.12535l747l92646E-o7,l.459535899Ool528E-Ol)t 
x c4.21,a3s101ssso10£-01,o.000000000000000E+oo,, 
X C3.O4744lO,2569126E-Ol,2•O82189382O28316E-OlJ, 
X (le4023958l3662779E-Ol,2•222134401798991E-Ol>• 
X 16.�31777728904b97E-02,1•73918315416349OE-Ol>• 
X t3.628l45648998864E-02,1•3583C95!OOO6551E-Ol>, 
x ,2.553r 6763l0��58E-01,o.cooooooooooooooE+oo,, 
X (2.l8492&1527489O7E-Ol,q.z997so93926Ol86E-O2), 

X <l.47952 ➔512Ol58E-Ol,l•31179717O842l78E-Ol>, 
X C �•27 lO 7b\• .. 2644332E-02, I e2831696�22826l 5E-Ol >,
X t5.96d69296l�4459OE-02,l.132lO05&1244882E-Ol>, 
X 1l.79O01�51181393OE-Olt0•0OO0O0O0O000OO0E+OO>, 
X ll.b�2bll3bj}29861E-ol,5.ol97l35l3524966E-O2Jt 
X llejQ7574696�98522E-Ol•8•lll265047745472E-02>• 
X t9.64O2S05S83O44l9E-02,9el23632bOO421258E-02)t 
X lb.979Q96l6496475OE-O2,8.934OO0O24O3646lE-O2>> 

XX:sREALIZll) 

YY-,UMAG( lll) 
X•ABSF(XX) 

YaABSFlYY) 
Z•CMPLXCX,Y) 

LZ2=0 

IFIX.GE.4.5eOR.Y.GE.3.5t GO TO 100 

C 

C CONVERGING SERIES 
C 



I=X+.5 

J=Y+e5 
V=CMPLX(�LOATF(I),FLOAT(J)) 

ZV=Z-V 
Cl2)=WII+l,J+ll 

AI=O• 

DO 10 1•3,12 

AI=AI-.5 
C ( I I= ( V*C ( I-1 > +C ( t-2 > >/A I 

10 CONTINlJE 
J=l2 
DO 11 1=2, 11 
J=J-1 

11 S=S*ZV+C(J) 
20 IFIYYcGEeO• ) GO TO 30 

1FleNOT.LZ2l Z2=Z*Z 
S=2•*CEXP(-Z2)-S 
IF(XX.GT.o. > S=CONJG(SJ 
GO TO 200 

30 lF(XXeLT.o.l S=CONJG(Sl 

200 WERF=S 
RETURN 

100 LZ2=l 
Z2=Z*Z 

C 

C ASYMPTOTIC SERIES 

C 

S = l*((Q.,0.4bl313S279l/(Z2 - Oel90l63S092l + (0.,0.09999216168}/
x,zz - 1.784492748S> + <o.,o.002aa3a93974a111z2 - 5.5253437437911

GO TO 20 
END 



Input data for the case of a smooth cylindrical earth: 

Card #1: 

Card #2: 

Card #3: 

Card #4: 

Card #5 

5 (Column 5) 

0.9061798459 

0.5384693101 

0.0000000000 

o. 2369268851

0.4786286704 

0.56888888888 

through 62: 1. O, z. O, ....... , 53. 

Card #63: O. 0 (colu".lln 8) 1. 0 fcolurnn 18)

Following is the output from this example . 

• 55.

l. 0 (colu-:nn 28)



Fl(EillJ
H

,
CY 

( M l

0 ,0 O
10 0 0

,U
O 

Jo,i
o

.oo

500C
,O O  

&000
,0

0

7000
,0 0

8000
,0 0

9000
, 00 

1 0000
,0 0

11ooc
.o o  

13010
,0 0

11+000
,U U

15000
,0

0

1&000
,0 0

11000
,0

0

180JO
,J 8 

1%0C
,O O  

2 0000
, 0 0  

210 0 0
,JO 

z 
0 11  

o. 0�0 0 0 00 0 0

•O,Oi86ZJ529 

-o, 23 52 '1 1+11 0 

·0,9 �117bl+ 71

•2, 117b l+7
0

59 

•2, H 2J 529 '+ 1

·3, 7� '+7 05 6 82 

••· u n  .. 1059 

-11,5 ?9 1+ 117& 5

·1 5, C i 88 2J5Z <i

-19,0 i 882J53J

VERTICAL P O LARIZATION 

f,ONDUCTI V  IT Y
! �HC/MJ

0,010J O O  

0 ,010 0 0 0

0,01 00 00 

o ,010 0 0 0

0,010J O O  

u,o Ha o o  

0,010 0 00 

0 ,01 0 0 0 0

0,010 0 00 

0,01 0 0 00 

o.� 10 0 0 0

0,01 010 0

0,010 0 0 0

0,010 0 0 0

0,0 1G JO O  

0,010J O O  

0.010 0 00 

0,GIOOOO 

0,0
10 0 0 0
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